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] 'he effect of m e a s u r e m e n t  errors  and  mul t ip le  sca t t e r ing  on the  
uncer ta in t ies  in m o m e n t a  and  direct ion of bubble  c h a m b e r  
t r acks  is r eexamined .  Resul ts  are g iven  for t he  r m s  u n c e r t a i n t y  
in m o m e n t u m  and  direct ion,  and  thei r  correlation,  for un i fo rm 
weight ing,  and  both  un i fo rm spac ing  and  c lus ter ing of the  
measured  points.  I t  is shown t h a t  for m e a s u r e m e n t  errors,  
c lus ter ing of measu red  poin ts  a t  t he  beginning,  end, and  cen te r  
of the  t r ack  leads to lower r m s  uncer ta int ies .  E s t i m a t e s  of the  

effect of mul t ip le  sca t t e r ing  include the  cont r ibu t ion  of single 
and plural  small  angle  sca t t e r ing  outs ide the  centra l  Gauss ian  
region. The  cont r ibu t ion  of a tomic  electrons to the  mul t ip le  
sca t t e r ing  is t r ea ted  sepJttAtely. In  addi t ion  the  effect of small  
angle  nuclear  sca t t e r ing  is included. Some numer ica l  resul ts  are 
presen ted  for a va r i e t y  of project i les  in l iquid hydrogen  and  
p ropane  chambers .  

1. Introduction 

In the reconstruction of particle directions and 
momenta  from the measurement of track coordi- 
nates, uncertainties in the results (curvature and 
angle) arise from many  sources. Among these, the 
most important  usually are the l imitation in the 
accuracy with which track coordinates can be 
measured 1) and the error introduced by the multi-  
ple scattering of the particle in question2). 

In the application of multiple scattering theory 
to the problem of obtaining particle momenta  and 
directions, there has been a tendency recently to 
treat  only the central Gaussian region of the multi- 
ple scattering distribution. Of course this neglects 
the effect of single and plural scattering which also 
contributes to the uncertainty in direction and 
momentum. A similar omission has occurred in the 
t rea tment  of the correction to Mott scattering due 
to the finite thickness of scattering foils3). Inclusion 
of single and plural scattering 4) in this case has 
even led to a different form of the dependence of 
these corrections on scatterer thickness. 

The present work reviews the effect of multiple 
scattering on track reconstruction, including the 
effect of single and plural small angle scattering. For 
completeness the subject of measurement errors is 
also included. In  sec. 2 general formulas are given 

* Suppor ted  in p a r t  b y  the  A tomic  E n e r g y  Commission.  

for the effect of arbi t rary coordinate errors on the 
calculated curvature and direction. These formulas 
are applied to the case of measurement error, where 
both opt imum weighting and spacing of the meas- 
ured points is discussed. Formulas are also given 
for the effect of multiple scattering which depends 
only on the rms angle of multiple scattering and not 
on the distribution itself. In sec. 3 the appropriate 
formulas for the rms angle per unit scatterer thick- 
ness are derived and applied to a var ie ty  of projec- 
tiles and scatterers. Some numerical results are 
given to aid in the computat ion of the rms angle. 
Sec. 4 contains a discussion of the results of this 
paper. 

2. Errors in Curvature and Direction 

Consider the measurement of the coordinates of 
a track projected onto a plane perpendicular to the 
assumed uniform field. If one neglects the energy 
variat ion along the track, it can be shown that  the 
curvature and direction errors are the same as those 
which would exist in the absence of the magnetic 

1) Eisler, Gregory,  Rau, Thornd ike  and  Willis, In te rna l  
B rookha ve n  m e m o r a n d a .  

2) W. T. Scott,  Phys .  Rev .  76 (1949) 212; 
H.  A. Bethe,  Phys .  Rev .  70 (1946) 821. 
s) H.  Wegener ,  Z. Phys .  151 (1958) 252. 
*) Greenberg ,  Malone, Glucks te rn  and  Hughes ,  Phys .  Rev .  

120 (1960) 1393. 
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field. For a track of projected length L with trans- 
verse (to the magnetic field direction) coordinates 
y .  measured at longitudinal coordinates x. (n = 0, 
1 . . . .  N), the curvature and direction errors are the 
values of c and 0 in the least square fit of 

y = ~ + Ox + ½cx z (1) 

to the measured coordinates. If  the weighting of 
each point i s f . ,  one obtains the set of linear equa- 
tions 

where 

o~F o + OF 1 + ½c F 2 = ~ y. / . ,  

o:F a + OF z + ½c F 3 = ~ y./,,x., 

~F~ + o &  + ½c F,, = Z Y./.x. ~ , 

(2) 

N 

F j = ~ /.(x.) j . (2a) 
o 

o = E y . P . / E  x .v .  

F°F* + x,,2 F°F1 

F2F3 F1F2 

This leads to* 

½c = X y.Q./E X2Qn 

where 

Q. = in { FIF2 -- Xn 

F2F3 

F1F3 F°F2 2 F°F1 } 

Pn = .l. - + Xn -- X n ]1I~2t' a 
FzF4 /72~" 4 i 

(3) 

One can readily show that  

E Q . =  Y*.Q.  = E I ' .  = Z x ~ P .  = 0, {st 

and 
2 x2~Q. = 2 x .P. .  (6) 

The r.m.s, errors and correlation are therefore given 
by 

! 

(c2> = 4 ~ Q,,,Q,, (Y.Y~>/(Z X2 (~)n) 2 

(cO) = 2 ~, Q,,,P. (y .y=) / (~  x20.)(~ x,,P.) (7) 

= ('V %'m) / (~  Xnt)n) 2 < 02> E Prop . . . .  / 

These expressions are clearly independent of the 
* Al l  s u m s  w i l l  b e  u n d e r s t o o d  t o  r u n  f r o m  n 0 t o  ~z -- N .  

normalizations of P .  and Q,. In  what follows the 
normalizations will be adjusted for convenience. 

2.1.  M E A S U R E M E N T  E R R O R S  

For uncorrelated measurement  errors of r.m.s. 
magnitude e one has 

(y,y,,) = 820=. (8) 
leading to 

(c2) = e2 4 X Oa.,/(Z xgQ.) 2 

(cO) = c 2 2 y, O.P . / (£  x~O.)( £ x.P.) (9) 

<09 = ~2 X v ~ / ( Z  x.~.)  2 

2.1.1. Weightings 

The particular assignment of weightings, f . ,  
which minimizes these errors can be determined by 
minimizing (9) with arbitrary P. ,  Q. subject only, 
to the requirements (5) and (6). For example, the 
smallest ( c  2 ) is obtained with that  set of Q. 
which minimizes ~ Q2 subject to 

Y Q. = 0,  Y x.O. = 0 ,  E x.~Q. = L 2 , {10/ 

where the last condition represents a convenient 
normalization for the Q,. The method of Lagrange 
multipliers leads immediately to the solution 

O .  = a - bx .  + dx2. (11) 

where a, b, d are determined such that  (10) is satis- 
fied. Comparison with (4) indicates that  the opti- 
mum weighting is umform, a condition which also 
applies for the minimum ( c0 ) and ( 0 2 ). 

2.1.2. Uniform spacing 

Apart from normalization, the values for Q. and 
P ,  are given by 

(~n = n2 -- "I~N -}- 1N(N -- 1) (12) 

P n  = - -  1 5 N n  2 + ( 2 N  + 1 ) ( 8 N  - -  3 ) n  

- 3N(N - 1)(2N + 1) 

The sums indicated in (2a) and (9) can be performed 
for uniform spacing, leading to* 

* T I  . . . .  l a t i o n  ( c  a )  = = - - ( 2 c 0 )  i m p l i  . . . . . . . . .  l a t i o n  
b e t w e e n  t h e  d i r e c t i o n  a t  t i l e  c o n t e r  of  t h e  t r a c k  a n d  t i l e  

c u r v a t u r e .  
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e 2 720N 3 e 2 

(cZ) = L ~ -  (N - 1)(N + 1)(N + 2)(N + 3) = L ~ A u  

e2 360N3 I e2 AN 
(cO) = -- L ~ .  (N - 1)(N + 1)(N + 2)(N + 3) = -- ~ L 3- 

(13) 

( 0 2  ) = 
e 2 12(2N + 1)(SN - 3)N ,g2 

- -  B N . 
L 2 (N -- 1)(N + I)(N + 2)(N + 3) L 2 

Table  1 con ta ins  t h e  va lues  of AN, BN for var ious  
va lues  of N for  t h e  case of u n i f o r m  spac ing  of 
m e a s u r e d  po in t s .  The  p a r a m e t e r s  A~ a n d  B~ are 
d i scussed  in t h e  fol lowing sect ion.  

TABLE 1 
P a r a m e t e r s  for r .m.s,  c u r v a t u r e  and  direct ion uncer ta in t ies  due 

to m e a s u r e m e n t  ~rrors 

N A N  

96 
81 
73.1 
67.0 
61.7 
57.2 
53.2 

720 

2 

3 

4 
5 

6 

7 
8 

oO 

B N  

26 
22.1 
19.9 
18.2 
16.7 
15.5 
14.4 

192 

. ~ 9  

Ah 

m 

64 

32 

256 

Bh 

18 

9 

72 

N + I  

Q.bx,(b - 2d~.) = 0 (15) 

which  impl ies  t h a t  all internal po in t s  shou ld  have  
t h e  s ame  t r a c k  coord ina te  x,  = b/2d. I t  can  r ead i ly  
be s h o w n  t h a t  t h e  m i n i m u m  value  of ( c  2 ) can  
be  ob t a i ned  wi th  a c lus te r  of ¼(N + 1) independent 
po in t s  t a k e n  at  x = 0, ½(N + 1) po in t s  a t  x = ½L 
a n d  ¼(N + 1) po in t s  a t  x = L. This  p re sc r ip t ion  
leads  to  t he  va lues*  

~2 256  e 2 

( c 2 )  = L* N + 1 - L ~ A ; ~  

2 128 e 2 , 
(cO> L 3 N + 1 - ½L gAN 

~2 72 ez 
( 0 2 )  -- L 2 lxe ' + 1 - L~ B} . 

(16) 

2.1.3. Opt imum Spacing 

I f  one cons iders  t h e  t o t a l  n u m b e r  of m e a s u r e d  
po in t s  (N + 1) and  t h e  p r o j e c t e d  t r a c k  l eng th  
L(xo = O, xN = L) fixed,  one  can ask  w h a t  spac ing  
of t h e  i n t e rna l  po in t s  will l ead  to  t h e  m i n i m u m  
( c 2 ) ,  ( c O ) ,  ( 0 2 ) .  The  o p t i m u m  spac ing  is 
different in each  case and  will  be  de r ived  here  for 
t h e  m i n i m u m  ( c 2 ). One wishes  to m in imize  Z Q ,  a 
sub jec t  to  t he  cond i t i ons  (10), w i t h  x 1, x2 • • • x u - 1  
as var iables .  F o r  a change  3x, in x,  one  wishes  to 
have ,  us ing  (12) 

• Q.aQ. = a Z 3Q, - b Z x, aQ. + c Z x2,3Q, = 0 (14) 

sub jec t  to  

Z aQ. = o, Z x.aQ. = - Z Q2x., 

~, x~aQ. = - 2 Z Q,x, bx. (14a) 

f rom (10). This  leads  to  

F o r  compar i son  wi th  A N and  B N one f inds (see 
t ab le  1) 

A ;  = 04, B ;  = 18, A:7 = 32, B:7 = 9 .  (17) 

22.  M U L T I P L E  S C A T T E R I N G  E R R O R S  

F o r  mul t ip le  s ca t t e r ing  errors ,  one  s t a r t s  w i th  
(7), us ing  the  a p p r o p r i a t e  va lue  for t he  ave rage  
cor re la t ion  ( y .y= ),, I t  can  be shown  5) f rom genera l  
cons ide ra t ions  i n d e p e n d e n t  of t he  ac tua l  d i s t r ibu-  
t ion  of d i sp l acemen t s  and  angles  t h a t  for a s ca t t e r e r  
of th i ckness  t, t he  r .m.s ,  p ro j ec t ed  angle ,  d isplace-  
m e n t  and  co r re l a t ion  are  g iven  b y  

* The  o p t i m u m  for ( c O )  and  (02 ) is s l ight ly  lower t h a n  
t h a t  g iven  in (16). Fo r  example ,  ( 0 2 )  opt = 6 4 / N  + 1 for 

(N + l), ½ (N + 1), ~ (N  + 1) po in ts  t a k e n  a t  x = 0, ½ L and 
L respec t ive ly .  

~) E.g . :  E. J .  V¢illiams, Proc.  Roy.  Soc. A168 (1939) 531; 
Rossi  and  Greisen,  Rev.  Mod. Phys .  13 (1941) 240; 
also refA). 
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(y~b~) = ½Kt 2 (18) 

( y 2 )  = ½Kt3 

where K is the r.m.s, projected angle per unit 
thickness for multiple scattering and is discussed in 
detail  in sec. 3. Using (18) one finds 

(Y,Ym) = ½Kx2(3x,. -- x,),  x m >-- x ,  (19) 

with ( c 2 ), ( cO ) and ( 02 ) now given by (7) and 
(19). 

The question of the opt imum weighting and 
spacing to use for the curvature due to multiple 
scattering has been considered by ScotC). He starts 
with the general expression for the curvature for 
uniform spacing: 

N - I  

c = • q.(Y.+l  - 2y. + y ._ , ) ,  (20) 
t 

and is led to an opt imum choice of weights q. which 
minimize ( c 2 ). In the present language, these cor- 
respond to weights f . ,  some of which are negative, 
but  are not  otherwise objectionable. However  these 
opt imum weights lead to a curvature due to meas- 
ttrement errors which is over a factor of 2 greater 
than the errors given in (16). For  all but  the lowest 
energy particles the measurement errors are most 
serious and a selection of weights according to either 
the uniform or opt imum spacing is desirable6). 

2.2.1. U n i f o r m  S p a c i n g  

For uniform spacing one finds 

2 K 
( c )M.s .  = Z CN 

(CO)M.S" = -- K D  N 

2 
( 0 ) M . S .  = K L  E N (21) 

The expressions for CN, DN, EN are quite complica- 
ted but can be constructed from (7) using (12) and 
(19). Values are given in table 2. 

6) O p t i m u m  weights for a rb i t ra ry  ra t io  of mul t ip le  scat ter ing 
to measurement  errors have  been given by M. Huybrechts ,  
Bull. Acad. Roy. Belg. C1. Sc. 6 (1961) 515, 739. 

The author  would like to t hank  F. Solmitz for br inging these 
references to his a t ten t ion .  

TABLE 2 
Parameters  for r.m.s, cu rva tu re  and direction uncer ta int ies  

due to mul t ip le  scat ter ing 

2 
3 
4 
5 
9 

00 

CN DN EN 

1.33 0.167 0.167 
1.25 0.125 0.154 
1.25 0.124 0.160 
1.26 0.132 0.167 
1.31 0.156 0.187 
1.43 0.214 0.229 

I t  should be mentioned that  Scott 's  opt imum 
choice of weights leads to a C'o~ = 1.00. 

2.2.2. O p t i m u m  S p a c i n g  ( for m i n i m u m  curvature 

error due to m e a s u r e m e n t  errors) 

The measurement  of clustered points at x = 0, 
½L, L leads to errors due to mult iple scattering 
identical with the values listed above for N = 2. 
The reason is that  a cluster of points is equivalent  
to a single point as far as multiple scattering is 
concerned. One therefore has 

2 opt. K 4 
( c )M.s .  = ~'~ 

opt. (cO)M.S" = -- K'~; (22) 

2 Opt. 
(0 )M.S .  = KL '~;  

2.3. R.M.S. FITS TO A STRAIGHT LINE 

For  completeness, we list the appropriate formu- 
las for the r.m.s, error in direction when fitting to a 
straight line (appropriate along the magnetic field 
direction). Here one has 

= E ( Y , Y - )  R ,Rm/(Y ' ,  x ,R.)  2 (23) ( o~L) 
where 

t 

R ,  = F t -- x~F o . (24) 

2.3.1. M e a s u r e m e n t  Errors  

For uniform spacing one obtains the result 

e 2 12N 
( 0 2 )  = L2 (N + I)(N + 2) (25) 

where L is now the rectified track length. 
For a clustering of k(N + 1), ½(N + 1), ¼(N + l) 

points at x = 0, {L, L, one finds 



U N C E R T A I N T I E S  IN T R A C K  M O M E N T U M  AND D I R E C T I O N  385 

e 2 8 
(0~L) L2 N + l (26) 

The opt imum (0SZL) is clearly obtained with a 
cluster of ½(N + 1), ½(N + 1) points at x = 0, L. 
I t  is 

~2 2 
(0S2L) L2 N + 1 (27) 

2.3.2. Multiple Scattering Errors 

The r.m.s, error in direction due to multiple 
scattering turns out to be the same for a s traight  
line fit to two points (end clusters) or three equally 
spaced points (clusters at 0, ½ L, L). I t  is 

(oiL) = 3~KL. (28)  

3. Mean Square Angle Due to Multiple Scattering 

I t  was recognized long ago 5) that  the r.m.s, angle 
and displacement due to multiple scattering could 
be given without knowing the actual distributions. 
The first efforts indicated that  the distr ibution was 
Gaussian, but  this was recognized to be approxi- 
mate,  and a great  deal of effort was spent deriving 
the correct distributions. Among those who have 
obtained a useful approximation to the distribution 
is MoliereT). 

In the application of multiple scattering theory 
as a correction to the observations in a var ie ty  of 
experiments,  the fact that  both the central 
Gaussian region as well as the plural tai l  should be 
taken into account has frequently been overlooked. 
In particular, those authors who have used the 1/e 
point  of Moliere's distribution as the r.m.s, angle 
have neglected contributions from small angle single 
and plural scattering. This has been frequent ly true 
in the expressions used by many  people for the 
parameter  K m (18). 

Let  us start  with the Bol tzmann equation for the 
distribution in direction n, at a depth z in the 
scat terer :  

O / ( n , z )  _ 

~z 
N/(n, z) f e(n ~ n') d.Q' 

d n ' n  o 

f + N l(n:, z) a(n' * n) dO' 
n '  . n  o 

(29) 

where n o is a unit vector in the z direction, N is the 
number of scatterers per unit volume and a(n 1 --, n2) 
is the cross section for scattering from direction 
n 1 to direction n 2. If O is the angle between n and 
n o, it can be shown for an azimuthal ly symmetr ic  
scattering law, that  

(1 - cos~)  = Nz I(1 - cos0)a(0)df2. (30) 
¢ 

In  deriving (30), it is assumed that  there is no back- 
ward flux. The parameter  K, representing the r.m.s. 
projected angle per unit thickness is therefore 
given approximately  by 

= NTz f 03~r(0) dO (31) K 

For  a Rutherford scattering law, 

a(O) = 4(Ze2/pflc) z 0 -4 (32) 

one has 

K = 4rcN (Ze2/pflc) 2 In (0max/0min) . (33) 

The angle 0m~, is determined by atomic screening 
and 0max is determined by the geometry of the 
particular application. A common procedure is to 
replace Z 2 in (33) by Z(Z + 1) to take into account 
scattering from the atomic electrons. 

3.1. S C R E E N I N G  A N G L E  

The angle 0ram is usually taken for high Z atoms 
from a Fermi-Thomas description of the electronic 
charge density. A modification due to Moliere 
leads to v) 

{ [ 0~,~, "~ 1.167 1.13 + 3.76k137fl] (34) 

For  atomic hydrogen one can use the actual scat- 
tering law appropriate to the ground state to obtain 

4.2 x 10 -3 01in ~ 1.116 - (35) 
~0 (P)Mov/c 

Modifications due to molecular binding should 
change 0~ml, by no more than about 20 %. 

7) G. Moliere, Z. Naturforsch.  3a, (1948) 78; 
H. A. Bethe, Phys.  Rev.  89 (1953) 1256; 
a l s o  B. P. Nigam, M. K. Sundaresan and T. Y. Wu, Phys.  

R e v . l l 5  (1959) 491. 
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3.2. M A X I M U M  S C A T T E R I N G  A N G L E  

If the angle 0m,x is chosen corresponding to the 
1/e point of the Gaussian distribution, the single and 
plural scattering tails will not have been taken into 
account. Inclusion of these tails, which is ap- 
propriate for the assignment of curvature and 
direction errors, requires choosing 0~a~ to be 
appropriate either to contact with the nucleus or to 
an observable kink in the track. Thus one must 
choose 0max to be the smaller of 0K, the minimum 
observable projected kink angle for the track, or 
;~/rN, i.e. 

0 K :~ > rNO K 
Omax ~ (36) 

~/rN, ;~ < rN0 K,  

where r N is the nuclear radius. 
The above is not quite correct, since the pre- 

scription for selecting 0,a~ is necessarily different 
for different incident particles. For  example, (36) 
should be approximately  valid for the multiple 
scattering of high energy electrons or muons if rN is 
chosen to be appropriate to the r.m.s, radius for 
the nuclear charge distribution, as described by the 
experimental  form factor. For scattering of strongly 
interacting particles, however, one must augment 
the Coulomb scattering by small angle (0 ° ) nuclear 
scattering out to an angle OK. For the present esti- 
mates one can neglect the Coulomb-nuclear inter- 
ference. Using the optical theorem for forward 
scattering, one finds that  (33) is to be replaced by 

K = K 1 + K3, (37) 
where 

[Ze~2~2 In [ 0~'~ 
K, = 4rcN ~pflc} ~Omi.} (38) 

1'3 = 4N ( Pato t~2 04 (39) 
\ 4~h / 

Here amr  is the appropriate total  nuclear cross 
section. For nuclear cross sections in the range 
20-60 mb it is found that  K~ and K 3 are approxi- 
mate ly  equal for momenta  of the order of 3-10 
OeV/c. 

3.3. S C A T T E R I N G  FROM ATOMIC E L E C T R O N S  

I t  is necessary, particularly for low Z, to include 

scattering from the atomic electrons in the calcula- 
tion of K. The usual prescription to replace Z 2 in 
(33) by Z 2 + Z is a procedure which can be justi- 
fied only if 0max/0min remains the same. Although 
the est imate of 0ml. in (34) or (35) should be of the 
right order, the maximum angle is reduced from OK 
because of the inabil i ty of an electron to deflect a 
heavy particle. In fact one finds 

O~max ~ 1.2mJx/M 2 + 2meE (40) 

where M and E are the mass and energy of the 
incident particle. The expression 0~a x = 1.2 me/M 
is clearly valid for presently available accelerator 
energies for all except incident electrons, for which 
0~, x ~ 1.2 (mJE~)L The contribution to K due to 
scattering from atomic electrons can therefore be 
wri t ten  as 

K 2 = 4~NZ in . (41) 

3.4. SUMMARY OF M U L T I P L E  S C A T T E R I N G  F O R M U L A S  

The total  contribution is 

K = K t + K 2 + K 3 (42) 

where K 1 is given by (38) or (33) and (36), K 2 is 
given by (41) and K3 is given by (39). Listed below 
are approximate  values for K1, K2, K 3 for liquid 
hydrogen (N = 3.4 x 1022 atoms/em 3) bubble 
chambers, with OK taken as 0.02 radians in each 
c a s e .  

3.4.1. Liquid Hydrogen 

0.0098 
a. K1 - 2 2Slcm-X (43) 

fl (P~ov/c) 

For electrons*, muons*, 

S1 = { ln (4"SPMev/c) ' P < lO GeV/c t . (44) 

10.8 p > 10GeV/c ) 

For  strongly interacting particles 

* The electron (and muon) scat ter ing cross sections should 
be modified to take into account  collisions in which radia t ion is 
emit ted.  This leads to a reduction of S 1 and S~ of order 1-3% 
(~(1/137)) which has been neglected here. 
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Fig. 1. Plot of the parameter  entering into the mean square angle for multiple scattering in liquid hydrogen as a function of 
momentum.  

S~ = In (4.8PM~v/c) . (45) 

b. K2 _ 0.0089 cm- (46) 
#2(PMov/c) 2 S2 t 

For electrons 

S 2= { ln(4"8p'~v/c) 'p<9OOMev/c ) . (47) 

In (145p~,v/~) , p > 900  MeV/c  

For mesons, nucleons, hyperons, etc. 

S 2 = {ln(145p/Mc) p<M2MeV/c I (48) 

In ( 145p~v /~ )  , p > M 2 MeV/c  J 

with M in MeV/c 2. 

c. For electrons, muons 

K 3 = 0 .  (49) 

For strongly interacting particles 

K 3 7 x 1 0 - 2 0  2 2 = PMeV/c"  a tot  ( 5 0 )  

where atom is in miUibarns. 
d. P l o t s  of 0 .0089  ($1 + $2) and  aTOT VS. pS) are 

g i v e n  in figs. 1 and  2, for a h y d r o g e n  c h a m b e r .  

3.4.2.  Propane (C3Hs) 

0.013S~ + 0 .17S]  
a. K l - (51) 

flZP~v/c 
s) E.g.:  G. Cocconi, 1962 Intern. Conf. on High Energy 

Physics, p. 883; 
W. F. Baker, R. L. Cool, E. W. Jenkins, T. F. Kycia, 

R. H. Phillips and A. L. Read, Phys. Rev. 129 (1963) 2285. 
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F i g .  2. T o t a l  n u c l e a r  c r o s s  s e c t i o n  fo r  v a r i o u s  p a r t i c l e s  i n c i d e n t  
o n  p r o t o n s  a s  a f u n c t i o n  of  m o m e n t u m .  
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For electrons, muons, 

ln (2.3PMev/c), P < 3.5 GeV/c } 
S' 1 = . (52) 

9.0 p > 3.5 GeV/c. 

For strongly interact ing particles 

S'1 = in (2.3PMev/c) - (53) 

b. K2 = 0013S2 + 0.02SS~ (54) 
2 2 

PMeV/c 

For all part icles 

S'2 = 52 - 0.75. (55) 

c. For  electrons, muons 

K 3 = 0.  (56) 

For  s trongly interact ing particles 

- 2 0  2 2 
K 3 = 2.5 x 10 PMeV/c'¢Ttot, (57) 

where ~ tot (in mb) is again the total  cross section 
on p r o t o n s  and the neutron and proton cross sec- 
tions are assumed to be equal. 

d. Aplo t  of 0.013 (S  1 + $2)  + (0.17S'~ + 0.028S2) 
vs p is given in fig. 3. 

4. Summary and Discussion 

The uncertaint ies in curvature and direction due 
to measurement  errors and to multiple scattering 
have been presented in secs. 2 and 3. In  particular 
the following results have been obtained : 

1. General formulas are given for the r.m.s, cur- 
vature and direction errors and for their  correla- 
tion, for arbi t rary weighting and spacing of points 
along the track. These are given for measurement  
errors and for multiple scattering errors for fits to 
both  a circle and a s t ra ight  line. 

2. I t  is shown tha t  the minimum uncertainties 
due to measurement  error occur with equal weight- 
ing of the points. Explicit  formulas are given for 
these uncertaint ies  in the case of equal spacing of 
the points.  Some numerical  results are given. 

3. I t  is also shown tha t  the minimum uncertain- 
ties due to measurement  error occur for clustered 
points. In particular, the minimum r.m.s, curva- 
ture error occurs for clusters of points at  the be- 
ginning, middle and end of the t rack with numbers  
of points  in each cluster being in the ratio 1:2:1. 
Explici t  formulas are given for the uncertainties in 
curvature and direct ion for the 1:2:1 clusters. 
Numerical results are compared with the case of 
uniform spacing. For 8 points, the improvement  in 
the uncertainties over tha t  for uniform spacing is of 
the order of 30%. 
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Fig, 3. Plot of the parameter entering into the mean square angle for multiple scattering in propane as a function of 
momentum. 
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4. Numerical  results are presented for the un- 
certainties in direction and angle due to multiple 
scattering. These are given both for the uniform 
spacing and clustered cases. 

5. The r.m.s, angle per unit thickness used in the 
multiple scattering formulas is calculated taking 
into account both mult iple and plural small angle 
scattering. Among the effects taken into account are 

a. atomic screening, 
b. kinks in the track, 
c. finite nuclear size, 
d. scattering by atomic electrons, 
e. small angle nuclear scattering. 

Numerical  estimates of the parameters which enter 
are included for liquid hydrogen and for propane. 

I t  is clear that  for most tracks in the GeV range, 
the uncertainty due to measurement error will 
dominate for the present state of the art. For this 
reason the opt imum procedures for measurement 
error should be followed wherever possible. Never- 
theless, for tracks of low momentum, or for particu- 
larly long tracks, the multiple scattering error will 

be important  and may change the most desirable 
measurement  procedure. 

No a t tempt  has been made to include the fol- 
lowing effects, which may  modify the opt imum 
procedure : 

a. non-linearities in the magnetic field or optics, 
b. energy loss along the track, 
c. turbulence in the l iquid medium, 
d. consistency of the stereoscopic views, 
e. possible blunders in obtaining track coor- 

dinates. 
The particular measurement scheme adopted will 
undoubtedly depend on the chamber used, the 
particular experiment,  the computing machine 
available and the personal taste of the individuals 
involved. 
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