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.4 bstract:
This reviewdealswith thephysicsof two-photonparticleproductionanditsapplications.Two mainproblemsarediscussed

first, whatcan onefind out from theinvestigationof thetwo-photonproductionof hadronsandhow,and second,how can the
two-photonproductionof leptonsbe used?

The basicmethod for extractinginformationon the-y-y —~ h (hadrons)transition — theee—~eehreaction — is discussedin detail.
In particular,we discusswhat informationon the y-y —~h transitioncanbeextractedfrom therelatedexperimentsandhow it can
bedone.Oneexamineswhich questionsin hadrodynamicsandphotohadroninteractionphysicscan beansweredby suchinvesti-
gations.It is emphasizedthat their main peculiarity is thepossibility of investigatingdependenceof the amplitudeon the energyas
well ason the massesof both collidingparticles(photons).

The applicationsof two-photonIeptonproductionin experimentalhigh energyphysicsarediscussed(the form factor investiga-
tion, the searchfor therealpart of someforward scatteringamplitudes,someauxiliary problems,etc.).Applicationsto thesearch
for new (hypothetical)particlesareconsidered.

A numberof importantdifferential distributionsaregiven.Crosssectionestimationsfor differentexperimentalsetupsareob-
tained.A critical discussionof theequivalentphotonapproximationis given.
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1. Introduction

Among the differentelectromagneticprocessesof particleproductionmuch attentionhasbeen
paidto two-photonproduction(fig. I) in the last 3 years.In this processcolliding particles1 and
2 emit virtual photons.Thesephotonsproducesomesystemf of particles.Thus two-photonpar-
ticle productionis connecteddirectly with the processof light-light interaction— the condensation
of light into matter(yy -~ f).

The experimentalstudyof two-photonproductionprocessesopensnew waystowardsthesolu-
tionsof a numberof physicalproblems.Thepresentinterestin the two-photonproductionis due,
first of all, to the fact thata completelynew regionof investigationsin high energyphysicsis thus
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Si__~k2}f

Fig. l.The two-photonparticleproduction.

discovered,i.e. thestudyof thereaction‘yy -÷ h (hadrons).It is essentialthat in this casea study
of the reactiondependencenot only on theenergy,but alsoon the “masses”of bothcolliding
particles(photons)is possible.On the otherhand,an experimentalstudyof sometwo-photon
productionprocessesshowsnewways to a solution of moretraditionalproblemssuchas the in-
vestigationof ir andK-mesonform factors,a searchfor new particlesetc.A comparativelylarge
valueof the crosssectionfor two-photone’e pair productionleadsto a numberof important
effectsin high energyprocesses(e.g. in cosmicray physics).This allows to usethis processas an
instrumentfor solving someproblemsof experimentalphysics.

The aboveprocessesdid not attractattentionfor along time. In fact, theyareof the fourth
order in theelectromagneticinteractionconstanta ~ and,at first glance,their crosssections
seemto be very small. Nevertheless,in a numberof casestheseprocessesaredominant.

For example,for colliding e~ebeamsthe two-photonchannelof particleproductionshouldbe
alreadyoneof themain onesat not very high beamenergies[1—3]. For illustration, the energy
dependencesof crosssectionsfor differentprocessesof particleproductionareplottedin fig. 2.
Thesedependenceshavebeencalculatedin QED (with no stronginteractioneffectstakeninto ac-
count).At low beamenergyE the main channelfor particleproductionis the annihilationone
(fig. 3) that is a processof secondorder in a. Its crosssectionis determinedby the virtual photon
“mass”,a ‘~ a2/q2. For example,

ira2 8.7X 10-32 [cm]2
a+~ +-— (1.1)‘“~ 3E2 s[GeV]2

The measurednow total e~e—~ h crosssectionsUh (fig. 1 2) havesuch valuesthat Uh ‘~ 6 Ue*e~-.

(at 2 < s < 25 GeV2).
In the two-photonproductionbothphoton“masses”canbe simultaneouslysmall andthe cross

sectionis not suppressedby photonpropagators.Its valueis determinedby the‘y’y -~ f crosssec-
tion. An integrationovereachphoton“mass”gives 1n(E2/m~).An additional integrationover each
photonfrequencealsogivesoneor two lnE, dependingon the high energybehaviourof a.

1,~.~.

For instance,at high energythe total crosssectionfor two-photonproductionof leptonpair is
given by the following formula [61

2

Ge+ee±e~l+l= 27irni~(ln—~-~)ln—~-~ l=~e or~z. (1.2)

Therefore,the ee -÷ eep~j.i -crosssectionat~ = 4 GeV is approximately6 timesas much(1 .1) and
is nearto the e’e ~ h crosssection.In the samemannerthe total crosssectionfor two-photonpro-
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Fig. 2. Someproductioncrosssectionsfor colliding eke-beams:ee-~ ee ir~ir,ee-# eej.s~jf,ee -+ ee isO (two-photonproduction)
ande~e— 1r~ir,e~e—‘- ~2~).z(one-photonproduction).Theee—~ee ir~ir crosssection(inneglectinga stronginteraction)and the
ee -~ ee crosssectionarethe resultsof exactQED calculation [4] , the ee—~ee ir~crosssectionis the resultof exactcalcula-
tion with usingthethree-pointvertexeOFWJFI2V[5]. Thee~e-+ ~ crosssectionis of thesameorder astheexperimentale~e~ h

crosssection(cf. fig. 12).

s = q
2 ~ } hadrons

Fig. 3. The annihilationparticleproduction(q2 = (p~+ p2)2 = s = 4E2).
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ductionof hadronsis asymptotically(see[71)
2 6 2a4 sm~ sm~ s

e~eh 1 8ir2m~in m~m~ln m~m~(ln~) (1.3)

0.3 X l0~°cm2.

Therefore,in contrastto annihilationproduction,the two-photonproductioncrosssectionin-
creaseslogarithmically with energy.

Themain possibilitiesfor the experimentalobservationof suchprocessesare dueto progress
of the acceleratorswith colliding e~ebeams.The two-photonproductionhasalreadybeenob-
servedin experimentson suchdevices,firstly in Novosibirsk(eke -~ e4ee4e)[91 andthenin
Frascati(e4e -~ e’ee~e[101, e~e-~ e4ej.(j.t [111, e~e-* e4e~n~i([2011). The feasibility of
theexperimentalstudyof differentprocesseswith suchdevicesis clearfrom a comparisonof
their crosssections(particularlyshownin fig. 2) to the modernacceleratorparameters(table 1).
The countingrate(the numberof observedeventsper timeunit) for a processwith crosssection
a for a devicewith luminosity L is determinedby the relation

NLa. (1.4)

For example,for a devicewith L = 1 031cm2sec1at ~ 2E = 7 GeV thecountingrateN for
ee -~ eep~Candee—~ eeir~irobservationshouldbe 1600and 140eventsper hour,respectively.
Thus,an investigationof the two-photonhadronproductionbecomesquite a realproblem.

Since 1 970 many theoreticalpapersdevotedto thetwo-photonproductionhavebeenpublished.
They areconcernedwith the four fundamentaldirectionsof investigation:

a) physicsof the‘y’y -~ h transition;
b) methodsfor extractinginformationon the ‘y’y -* h transitionfrom experimentaldata(e.g.

from experimentswith colliding beams)andthe estimationof the relatedcrosssections;
c) effectsconnectedwith the two-photonproductionof leptons;
d) searchfor new particles.
Fromourpoint of view, two problemsarecentralhere:what canbe knownwhile studying

hadronproduction,andhow lepton productioncanbe used.
The following text of this sectionis, in essence,a brief descriptionof the reviewstructure.Each

subsectioncorrespondsto the sectionwith the sametitle.
The structureof our review andthe material selectioncorrespond,to a considerableextent,to

aboveclassificationof the problems.In particular,someresultsof exactquantum-electrodynami-
cal calculations,e.g. the exactformulas for the electronenergyspectrumin the pp -~ ppe4e reac-
tion [121 are not included.On theotherhand,interestingquestionssuchas photondecayinto
two photonsin a nucleusCoulombfield [131, therole of the two-photone4e pair productionat
an earlystageof evolutionof the Universeandothersarealsonot discussedhere.However,“no-
body canembracethe non-embraced”as KozmaPrutkoffsaid.*
*A review“Two-photonprocessesfor particleproductionathigh energies”by H. Terazawa[14] hasbeenpublishedrecently.It

seemsuseful to showwhat is theessentialdifferencebetweenthisreviewandref. [14]: 1) The treatmentis intendedfor a general
physicist audience.2) Thewidestpossiblerangeof physicalproblemsis discussed.3) In the discussionof two-photonhadronpro-
duction themain attention is paidto a problem(which is almostnot treatedin ref. [141) namely,what informationcanbeextracted
from therelatedexperimentsandhow. 4) In accordancewith this, wegive a more detaileddiscussionof variousexperimentalfeasi-
bilities aswell asa moredetailedsetof formulas.5) Thereis a detaileddiscussionof theequivalentphotonapproximationwith an
indicationof somespecificmistakesandinaccuracies(someareencountedalsoin ref. [14]).
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Table 1
Themain parametersof e~eandee collidingbeamaccelerators(fordetailsseeref. F 8]).

Nameandlocation Type Maximum Thebeginning Luminosity
total c.m.s. of experiments L [cm

2 sec1]
energy
\/~= 2EGeV

VEP-1
(Novosibirsk) ee 0.32 1965 1027 avear

(Stanford) ee 1.1 1965 6 X 1027 peak

VEPP-2
(Novosibirsk) e~e 1.4 1967 3 X 10~avear

ACO(Orsay) e~e 1.1 1968 6 X 1028 avear

ADONE
(Frascati) ee 3 1970 3 X 10~~avear

CEA Bypass
(Cambridge,USA) e~e 5 1972 3 X 1028 peak

SPEAR
(Stanford) e~e 4—9 1973 10~

VEPP-2M
(Novosibirsk) ee 1.3 in preparation 1030_l031

VEPP-3
(Novosibirsk) e~e 6 in preparation 103’

DORIS ee
(Hamburg) e~e 6—9 in preparation 1032

VEPP-4
(Novosibirsk) e~e 12-14 in preparation

1.1. Two-photonproductionof leptonsandsearchfor newparticles

An early interestin the two-photonprocesseshasarisenafter thediscoveryof the positronby
Anderson(1932) andhis experimentson fastparticleinteractionwith matter.Thereappearedthe
necessityto find out the processesin which positronsaregenerated.Studyinge~epair produc-
tion in collision of fastchargedparticles,LandauandLifshitz [6] haveascertained,that the two-
photonchannelof fig. 1 is dominantthere.Theyhavecalculatedthe crosssectionof thisprocess
(1.2).

The two-photonchannelis alsoof importancein presentsearchesfor new particles,whosemain
interactionwith substanceis throughelectromagneticinteraction(e.g.Dirac’s monopoles,heavy
leptonsor W-bosons).

At presentthe processesof two-photonproductionof electrons,photonsandmuonsareof
specialinterest.Hereonecanhardly expecta discoveryof new physicalregularities.However,
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theseprocessescangive a largebackgroundcontributionto the measurementof reactionsof
morephysicalinterest.The importanceof theseprocessesis seen,e.g. from the following fact: in
a protoncollision with a nitrogennucleusat EL = 1 017 eV the crosssectionfor thee4e pair pro-
ductionreaches350mb, i.e. 25 mb per nucleon.This is comparablewith the tot~ilpp-crosssection
(a~~40 mb) at energiesof existingaccelerators.The essentialrole of thisprocessfor charged
particledecelerationin substancehadalreadybeendiscussedby Williams andWeizsäcker[15]
On theotherhand,a comparativelylargevalueof the crosssectionfor two-photone’e pair pro-
duction togetherwith the possibility of its exactcalculationwithin the QED frameallowsone to
usethis processin a numberof casesas an importantinstrumentfor investigation.Using thispro-
cessonecan, in principle, calibratethe luminosity of acceleratorswith colliding pp,pj5 andep
beams,studythe pion and1-’ion form factors,measurethe phaseof theprotonCompton-effect
amplitudeandhigh energyphotonpolarization,etc.

Finally, a relatively largevalueof the crosssectionfor two-photone4e pair productionallows
oneto observeradiativecorrectionsto this processsuchas thetwo e4e pair production,
positroniumproductionandproductionof the e4e’y-system.All theseproblemsareconsidered
in section2, wherethe main attentionis given to the discussionof a qualitativepart of their solu-
tion.

1.2. Physics of hadron production by photons (-y~ -~ h andyy -~ h)

A wide rangeof interestingphysicalproblemsis connectedwith two-photonproduction.The
problemsassociatedwith hadronannihilationproductionget into closecontactwith them.A
studyof hadronproductionby photonsopensnew, andoftenuniquewaysfor solving a number
of fundamentalproblemsin stronginteractionphysicsandalso fundamentalquestionsin QED.

The possibility of a direct investigationof the structureof stronginteractionat short distances
is a main advantageof processesof hadronproductionby virtual photons.Now progressin this
direction is connectedwith the resultsof the SLAC-MIT-experimentson deepinelasticep-scatter-
ing (i.e. on virtual photoabsorptionby a proton).

A studyof theyy -÷ h reactionwill permitan importantfurtherstepin this directionbecause
onemaychangeherethe “mass”of bothprojectileand “target”. In particular,thereexistssucha
domainof kinematicalvariableswherethe crosssectionfor thisreactionis dueto shortdistance
interactiononly, while long distanceeffectsarecompletelyexcluded.Only one-photonannihila-
tion at high energycan be comparedin this respectwith the ‘y’y -÷ h reaction.

In studyingyp-scatteringonehasdiscoveredthat real, or almostreal, photonsinteractwith
protonlike hadrons.Simultaneouslywith an increaseof photon“mass”, i.e. with a transitionto
shorterdistances,the photon-hadroninteractionbecomespointlike.Thestudyof yy -~ h transition
togetherwith othercollisions involving hadronssuchas pp and‘yp is of importanceboth for the
testof the ideaof a hadronlikephotonandfor understandingthe characterof changesin thecolli-
sion processin the transitionfrom structuralhadrons(protons)to structurelessones(photons).

Moreover,experimentalinvestigationsof hadronproductionby photonspermit testing some
fundamentalideasof hadronphysicssuchas currentalgebraandthe partially conservedaxial cur-
rent (PCAC) hypothesisideaon the wide applicability of two-particleunitarity at low energies,
etc. In theseexperimentsonecanalso studya numberof propertiesof theproducedhadronsys-
tems,for example,the mesonresonanceparameters,S-wavescatteringlengthin irir scattering,etc.
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This rangeof problemsis discussedin section3. Herewe tried to showwhat new information
canbe obtainedby the correspondingexperimentsfor a solutionof theseproblems.Particular
reactionchannelsandrelatedphysicalproblemsin two-photonandannihilationproductionare
listed in tables2 and3, respectively.

1.3. Whatcan be investigatedin thee~e-~ e~eh experimentsandhow

Electroncolliding beams(eke or ee) seemto be the main instrumentfor thestudyof the
yy-÷h andy—~h processes.Preferencefor experimentson theseacceleratorsis dueto the fact
that no difficult questionassociatedwith the genesisof the observedhadronsarisesin this case.
Onecanbe sure that thesehadronsareproducedby oneor two photons.In particular,while
studyingresonancesno specialhypothesesabout theproductionmechanismwhich would be
necessaryfor separatingresonancefrom backgroundarerequiredas,e.g. in an analysisof irp colli-
sions.The fact that thereareno otherhadronsbut thoseproducedby photonsmakesthe interpre-
tation of resultseasy.

Whenstudyinge4e annihilationproductionof hadronse4e -÷ -~ h, a physically interesting
quantityM~ h — theamplitude for they~-+ h transition — is connectedwith the crosssection
by a simple relationda

5+5-— h (a/s)IM1~— h’• On the contrary,for two-photonhadronproduc-
tion, the physically interestingamplitudeswhich correspondtoyy-~h transitionareconnected
with the crosssectionof the observedprocess,ee eeh,by rathercomplicatedrelations.They are
of the type(1 .8)given later.

Therefore,therearisesin the first place,the questionof what typeof informationon the
yy-~h processcan be extractedfrom experimentaldataandhow.On theotherhand,andthis for
an estimateof the possibilityof settingup for future experiments,the correspondingcrosssections
shouldbe estimatedtaking into accountexperimentallimitations.Thesevery importantprob-
lemsarediscussedin section4. In order to provideestimationsfor the correspondingcrosssections,
we give simpleandratherexactanalytic formulassuitablefor solving the numerousproblems
taking into accountthe variousexperimentallimitations.(Let us notethat in refs. [5, 16, 17] the
tablesandgraphshavebeencalculatedon a computerfor someparticularvaluesof parameters.
Thisclearandconvenientrepresentationof resultssuffersfrom the impossibility to be appliedto
othervaluesof the parameters.)

1 .4. Kinematicsandsomedifferentialdistributionsfor the two-photonparticleproduction

In mostcasesinterestin the two-photonproductionprocessesis stipulatedby the possibility
of theextractionof new information aboutstill unknownamplitudeswhich theyallow. Examples
of suchtypearethestudyof amplitudesof the ‘y’y -÷ h transitionin the reactionee—~ eeh and the
pion form factor in the reactionirZ —~ irZe~e,etc.For a solutionof all theseproblemsa special
form for writing thedifferentialdistributionsis useful,in which the contributionsfrom vertices
andtransitionamplitudes‘y’y —~ f arefactorized.Justsucha descriptionis containedin section5
(which includesalsomuchof the usefuldifferentialdistributions).

Suchwriting allowsoneto apply the formulasobtainedfor a numberof two-photonprocesses
differing by the natureof thecolliding particlesor by the typeof producedsystemf. Theseexpres-
sionsareconvenientnot only for extractinginformationaboutthe processyy -~ f but alsofor the
calculationof the crosssectionwhenamplitudesfor the processyy -~ f areknown. Besides,sucha
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writing offersa basisfor obtainingvariousapproximationsas well as estimationof their accuracy.

Often theseapproximateformulasturn out to be formulasin an equivalentphotonapproximation.*
1.5. Equivalentphotonapproximation

An equivalentphotonapproximation(Weizsacker—Williams’method)is a convenientapproxi-
matemethodfor calculatingthe crosssectionsof a largenumberof electromagneticprocesses.As
well known,it consistsin describingthe electromagneticinteractionof particlesas the interaction
of oneof theseparticleswith aflux of photonsequivalentto the field of the secondparticle.This
approximationis alsowidely appliedto the descriptionof two-photonparticleproduction.

Section6 containsaderivationof this approximation.Herewe tried to give a descriptionas com-
pleteas possible,which is similar in its styleto a text-book.We haveaccompaniedit by a criticism
of the erroneousstatementfoundin the literature.The necessityfor sucha descriptionis duepar-
ticularly to the fact that, in a numberof papersusingthe equivalentphotonapproximation,one
now meetserroneousor inaccuratestatementstogetherwith superfluouslylengthy formulasand
calculations.We think that treatingthis approximationsimply as a convenientmethodfor theap-
proximatecalculationof someFeynmandiagramsallowsavoidingmanysucherrorsandinaccura-
cies.Suchan approachhasallowedto give a simpleandaccurateformulationof the approximation
andalso to estimateits accuracyandthe rangeof its applicability to variousphysicalproblems.

1.6. Somenotations.Kinematics

Whenusingmany-photonproductionprocessesthe mainresearchobjectsarethe amplitudes
for the ‘y’y -+ f process,bothoff massshellandfor almostreal photons.Here thecolliding photons
with momentaq, and q2 arespace-like(q~< 0).** Theymayhavebotha transverse(T) polariza-
tion anda scalar(S) one.The producedsystemf is C-evenandits massis W = ~J(q,÷q2)

2.Theob-
servedcc -~ eef crosssectionis expressedin termsof theoff massshell yy -÷ f crosssectionsfor the
correspondingphotonsUTT, UTS, 0ST~a~

5,e.g.,~
7TSis the yy -~ f crosssectionfor the collision of a

transversephotonq
1 with a scalaroneq2. Besides,the resulthasfour additional interferingterms

TTT, rTS, T~~Tand~ e.g.,thequantity ‘rTT is the differencebetweencrosssectionsfor scattering
transversephotonswith the parallel (a11) and orthogonal (a1) linear polarizations: ‘TTT =

Analogously,thequantityT~Tis the differencebetweenthe crosssectionsfor scatteringof trans-
versephotonsin stateswith totalhelicity 0 (a0) and2(a2)

TTT a1~ — a1
4T = a

0 — a2 aTT= ~(a + a1) ~(a0÷a2). (1.5)

The quantitiesTTS andr~areconnectedwith the interferencetermsof amplitudesfor the transi-
tion ‘y’y -÷ f whereboth transverseandscalarphotonsparticipate.All thesequantitiesdependon
W

2, q~andq~only.
The connectionof thesequantitieswith the absorptivepart of theforwardyy-scatteringampli-

*Cheng andWu’s [18] knownstatementon the nonapplicabilityof this approximationto a calculationof two-photonprocessesis
merelya terminologicalmisunderstandingconnectedwith using a too limiting form of the approach (seein detail section6.7).

**We use a standard practice of employing unitswhere It = c = 1. The metric is such that P1P2= p’tp~= p~p
2°— P1P2~so that a space

like four-vectorq haveq
2 <0. The finestructureconstanta = e2/4ir 1/13 7. We use the spinor normalization üu = 2m. Thehe-

licity of transverse(T) andscalar(S) photonsequals ±1and 0, respectively.
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tudeWaIb~abandwith the amplitudesMar, for the ‘y’y -÷ f transitionis given in thehelicity basisby
therelations

Walb~ab~ ~(2ir)4~(q1+q
2 — ~~k1)dF; (1.6)

d
3k

dFfl ; a,b,ab’=±l,0.
2e~(2ir)3

2~aTT~WTT~(W+++++W~÷J; 2v/TaTSE WTS=w+O,+O;

2\/kaST W
5T = W0÷0~ 2V~a~~~ =

2~rTT W~= ~ 2~rT5 = ~(W~~,00+ W0÷0);

2\/~4TsaW~1=~(W~~÷÷— W÷~J; 2/~4~ W~= ~(W++,00— W0÷0); (1.7)

2 2~= 1w3 2 2

q1, q2, a5~~ q2, q1
X (q1q2)

2 — q~q2
2=~[W~— 2W

2(q~+q~)+(q~ — q~)21.

The differentialcrosssectionfor the two-photonproduction(fig. I), summedover the final
statesof a systemf, hasthe form (5.12) (oneassumesthat theinitial and final particlesareun-
polarized)

a2 r (q,q
2)

2 — q~q~11/2
da = l6ir4q~q~[(p

1p2)~— m~m2~j [
4pip

2a-l-T ÷2Ipip rTTcos2~+2p~
4p~°aTS

d3p~d3p (1.8)
+ 2p?°p~aST+ p~°p~°a

55 — 8Ipt°p~°IrTScos~I
E,E2

The quantitiesp7L~areexpressedin a knownway in termsof themomentap1 andq. andthe par-
ticle form factors(cf. (5.13)).With the polarizationof the colliding or scatteredparticlestakenin-
to account,the termswith T~-T andr~areaddedin (1.8).

Let usgive somenotationsusedbelow(seefig. I):
p7 colliding particlemomenta(i = 1, 2).

s = (p~+ p2)

2 \/5 2E the total c.m.s.energy.
p scatteredparticlemomenta.
E. p~°scattered particle energies.

m~= p~=

q, p, — p virtual photonmomenta,q~< 0.
momentumof thejth producedparticle.
k~ energyof thejth producedparticle.

k = = q

1 + q2 total momentaof producedsystemf.
= k°= ~ total energyof producedsystemf.

k11 transversemomentumof thejth producedparticle in c.m.s.of colliding particles.
k1 = ~.k11= + q21 total transversemomentumof systemf.
W = ‘~/~ effectivemassof systemf.



192 V.M. Budnev eta!., The two-photonparticleproduction mechanism

X = (q1q2)
2 — ~ In the virtual photonc.m.s.X/W2 is the squaredthree-momentumof a

photon.
~ angle between the scattering planes of colliding particlesin their c.m.s.(i.e. anglebetween

p’
11 = —q11andp~1=

~ anglebetweenthe scatteringplanesof colliding particlesin c.m.s.of virtual photons(see
(A.4)).

~7~b elementsof thephotondensitymatrix for a photonproducedby the ith particle;a, b =

±1,0.
Ip1 ~ polarization of the ith virtual photon.

Somewordsaboutterminology.We usefor theprocessesunderconsideration (fig. 1) the term
“two-photon particle production”. In our opinion, this term describes more exactly the nature of
the object, whose investigation is of great interest here. Though similar objects participate also in
the two-photonannihilationproduction(fig. 30) and in the radiativeone-photonannihilationpro-
cessese~e-~ h’y (fig. 28), e~e-÷ hjfj[ (fig. 29), wehopethat usingthe aboveterm for thepro-
cessesof fig. 1 only causesno difficulty. It shouldalsobe notedthat in somepapersotherterms
areusedfor the fig. 1 process.They arebasedon the methodfor the observationof the process
in the electronstoragering experiments;they are“symmetricalelectroproduction”,“doubleelec-
troproduction”and “deepinelasticee-scattering”.(The last of thesetermsrefersalsoto theanal-
ogy with the relatedprocessin deepinelasticep-scattering.)Thesenamesarealsonot quite exact
becausetheyincludeboth the processof fig. 1 andthe bremsstrahlungproduction(fig. 27).
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2. Two-photonproduction of leptons and search for new particles

2. 1. Production o.f e~eandp
4jf-pairs

The two-photonproductionof leptonpairshasbeenthesubjectof a numberof experimental
investigations. The well-known investigations of the process

7Z -~ Z e
4e (Bethe—Heitlerprocess)

canbe listedamongthem.Among therecentobservationswemention only the electronstorage
ringones(eke e4ee~e[9, 101, e4e —~ e4ep4p [111).

Early calculationsof the two-photonparticleproductionweremadealreadyin 1934—1937.
Naturally, at that time only e4e pair productionwas discussed.In 1934LandauandLifshitz [6]
calculated,in the main logarithmicapproximation,the crosssectionfor e4e-productionin the
collision of fastchargedparticles(with chargesZ

1e, Z2eandmassesm1, m2)*

*Already ref. [6] containedmany practicallyinterestingdifferentialdistributionsfor the producedelectronsin theregiongiving

the main contribution to thecrosssection.Thoughtheyarewritten in therest systemof oneof thecolliding particles,a simple
modification makesthemsuitablefor colliding beams(seethe endof section5.6). Bhabha[19] hascalculatedsuchdistributions
in a wider energyrange.
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28a4 2( )
az

1z2— Z1Z2e~e= 2 (Z1 Z2)
2 l~ 1 .4 X 1 030(Z

1Z2)
213cm2 1 = ln 1 2 (2.1)

277Tm~ m
1m2

Alreadyhereweseethe two characteristicfeaturesof thisprocess:
A) Its crosssectionis slightly lessthanhadronic.In fact,a/me

2/ma andalreadyat not too
high energiesa13> 1, i.e. a> (Z

1Z2)
2a/m~.

B) As the energyincreases,the crosssectionincreasesratherrapidly ~ P.
At energiesachievednow, the expression(2.1) providesonly an order of magnitudefor the cross

section,sincethe first logarithmiccorrectionproportionalto 12, hasa largenegativecoefficient.
Racah[1 21 hascalculatedthis crosssectionfor the collision of heavyparticlesup to termsof the
orderof s1

28a4
a~

1~2— z1z2ee = 2 [(1 — 2.12)~+ 2.2(/ — 2.12)+ 0.411 (Z1Z2)
2 . (2.2)

27irm

Appendix F containsmoreaccurateexpressionsboth for this crosssectionandfor thecrosssec-
tions for ee or j.i~j[ productionin the collision of variousparticles.A reviewof moderncalcula-
tions for lepton pair productioncanbe found, for example,in [201.

We shall considerbelowonly a numberof physicaleffects associatedwith two-photonproduc-
tion of leptons.

1. Energy losses of fast muons in matter. Whenfastelectronpassthroughmattertheyloseener-
gy. This is mainly dueto the bremsstrahlung.For muonssucha mechanismis not alone.This is
dueto thefact that the bremsstrahlungcrosssectionfor muons(—a3/m~)is essentiallylessthan
(2.1). However themeanenergyloss in everyactof two-photone4e productionis m,

2/m5times
less than in bremsstrahlung. As a result bothmechanismsplayan approximatelyidenticalrole in
the energylossesof fastmuonsin matter(seee.g. [21, 22]).

2. Contribution to the high-energyhadron crosssections.The two-photone~eproductiongives
an essentialcontribution(increasingwith energy)to the interactionof cosmicray protonswith
nuclei. Fig. 4 showsthe dependenceof the crosssectionfor theseprocesseson the laboratoryener-
gy calculatedaccordingto (2.2), (F. 1—3). In particular,for the energiesinvestigatedin cosmicrays

0.7Z
2mh at EL = 10~GeV

apzpze÷e- = (2.2a)

7Z2mb at EL = 108 GeV.

After the recalculationper protonfor nitrogennuclei(Z = 7) it gives 0.06a~”atEL = 1 Q4 GeV
and 0.6a~”at EL = 108 GeV (a~”= 40 mb)*. As a result, this effectcanbe essentialin the
interpretationof the experimentalresultson total pp crosssection.

Let usnotealsothatat EL = 108 GeV,the energydistribution of thepair producedhasthe form
dc/c in the range 1 MeV— 1 O5GeV. Hence,two-photonproductionof e4e pairscanbe essentialin
the evaluationof extendedair showerswith initial energyEL ~ 108GeV.

*In the calculation of the e*e_ production off atoms (in air, in emulsion,etc.) one should take into accountscreeningof nucleusby

atomic electrons. This effect decreasesslightly the crosssection (2.2a).
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Fig. 4. The pz-÷ pZee total crosssectionversustheprotonlab-energyaccordingto the Racah’sformula (F.1—3).

3. GeshkenbeinandTerentjev[23] haveproposedto usethe processesirZ -~ irZe~eand
KZ -÷ KZe~efor investigatingthe pion andkaonform factorsF~(q2)andF~(q2).In thesepro-
cessesat (Za)2/~q~I > R2 (R is the nuclearradius)the two-photoncontributionof fig. 5a domi-
natesover the bremsstrahlungoneof fig. Sb. This allows to determinethe form factorof the
ir(K) from the knowncrosssectionda/dw

1dq~dq~dW
2.The scatteringon the nucleusis coherent

andthe nucleusform factor(the lower blobin fig. 5a) canbe neglectedat Iq~I < R2.For
Za ‘—j I theseboth limitations coincide.

If lead is usedas a targetandE~>60 GeV, thenfor the determinationof F~(q2)in the region
—q2 ‘— 1 GeV accord

1ngto [23] the aboveconditionsarefulfilled whenthe energylossesof the
pions arenot lessthan30—SOGeV. Oneshouldmeasureherea crosssectionof the orderof
10~cm

2as well as a nuclearrecoil momentumnot exceeding1 0—20 MeV.

4. Possibilityof calibrationofacceleratorswith pp, pp, ep-col/idingbeamsandwith a gas target.
Oneof the main parametersof acceleratorswith colliding beams,the luminosity L, is defined
by eq. (1 .4). Let usconsidera processwith the following properties:1) it is sufficiently exactly
calculable;2) it hasnot too small a crosssection;3) it is convenientfor recordingandis well
separatedfrom theotherprocesses.Thenits measurementallowsoneto determinethe luminosity
L in an independentway. In this caseno detailedinformation on the distributionof the beams
densityin the interactionrange,which is hardto measure,is required.

For the electronstorageringsthe problemof choosingsucha (calibrating)processconsistsin

it) K)

(a) (b(

Fig. S. The two-photon(a) andbremsstrahlung(b) eke-pairproductionfor it orK mesonscatteringon a nucleus.
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selecting the most suitableprocessamongmanycalculableonesin quantumelectrodynamics.In
acceleratorswith colliding pp-beamsalmostall the processescannotbe calculatedwithout using
modelsfor stronginteractions,i.e. no good accuracyis expectedfor the calculations.Suchpro-
cessesarenot suitablefor the calibration.

In ourpaper[241 it hasbeenshownthatwith an accuracynot,worsethan0.1%,the process
pp -~ppe~eis completelycalculablein the frameworkof quantumelectrodynamicsonly provided
that the energiese~andthe escapeanglesof thee~in the c.m.s.of the protonsarelimited by the
inequalitiese+ < 20 meE/mpand 1k1 I, W < 20 me.In this region the crosssectionis completely
givenby the diagramof fig. 1 togetherwith the correspondingradiativecorrectionsfor it. Here
the protonspractically do not leavethe beamandthe behaviourof theprotonform factorsis not
essential.The contributionof this region to the crosssectionis not lessthan0.1 mb.

Due to thesecausestheprocesspp -+ ppe~ewas proposedto be usedfor determiningthe lumi-
nosityof acceleratorswith colliding pp-beams.Exactly, in the samemanner,this processcanbe
proposedfor measuringthe luminosity in experimentson a gastargetin an ordinary accelerator.
Accordingto (2.2) its totalcrosssectionfor 300GeV protonsequals0.08mb.

At presenta projectfor a positron—electron—protoncolliding beamsystem(PEP) with 1 5 GeV
electronsand 72 GeV protonsis beingdiscussed[251. At suchenergiese~eproduction
(ep -÷ epe~e)turnsout to be oneof the main processes(its crosssectionis a —‘ 3.4mb). Therefore,
onemayhereproposethe processep -+ epe~efor the calibrationof sucha device.

S. Measurementof theforwardamplitudephasefor the processes‘yp -~ ‘yp and yp -* Vp ( V is a
vectormeson).The process‘yp -* pe~eis describedby the two diagramsof fig. 6. The charge
asymmetryin the differentialdistribution e~ande is only dueto the interferenceof thesetwo
diagrams.TheBethe—Heitleramplitudeof fig. 6a is completelyknownandreal. Thus, themeasure-
mentof the chargeasymmetryof the producedelectronsgivesthe forwardamplitudephasefor the
process‘yp -÷ ‘yp. In the region of smalleffectivemassesof thee~epair the forwardCompton
amplitudephasehasbeenfound in such a way [26] , andin the rangeof effective masses m~,
the forwardamplitudephasefor the process‘yZ -~ pZ hasalsobeenfound [271. It is clearthat to
studythe forwardamplitudephasesof vectormesonphotoproductiononecanalsousethe process
yp -+ pl2~l.L~.

6. Measurementofhigh energyphotonpolarization. The azimuthalasymmetryof the recoil
electronin the reaction‘ye —÷ ee~eis dueto thephotonpolarization(cf. (5.48)).Therefore,one
canusethis reactionfor finding thephotonpolarization(Boldishev,Peresun’ko[28], see also
[29]). Alreadyat thephotonenergyWL> 20 me the crosssectionis describedby the Bethe—
Heitler diagram and has the form (5.48).

~ ::
(a) (b)

Fig. 6. The C.even(Bethe—Heitler’s) (a) and C-odd (b) diagrams of the -yp -+ pete process.
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: ~ ~
Fig. 7. The two-photonpjf-pair productionin pp-collisionwith theprotonfragmentation(to thejet).

7. The two-photon channel for production of the f~Cpair with large invariant massW in hadron
collisions. In the experimentsof Christensonet al. atBrookhaventheproductionof massive

1f~(

pairs (W 1—6 GeV) in the collision of protonswith an uraniumtargetat the energy20 to 30 GeV
was studied.Theseexperimentsare expectedto be continuedat higherenergies(at ISR andatNAL).

Sucha processis of interestfrom two pointsof view. Firstly, in its investigationonehopesto
find the W boson.Secondly,in the one-photonproductionof ~fp pairs an additionalpossibility
arisesto investigatethe hadroninteractionat short distances.The two-photonchannelof theji~p

productioncanturn out a sourceof backgroundin suchinvestigations.
In theseexperiments[301 at not too high energiesthe one-photonchanneldominatesandthe

two-photoncontributionis neglected.The one-photon i
4~p productioncanbe imaginedas thepro-

duction of a hadronsystemwith J = 1 andthe further transition-~ y* -4 ~ (the simplestversion
of sucha kind is a schemeof the vectordominance,seee.g. [311). But thenthe crosssectionfor
the one-photonprocessshould beconstantlike thosefor inclusiveproductionof anyhadroncom-
binationswith a fixed mass(exceptfor the thresholdgrowth atrelatively smalls ‘-‘ W2).

The crosssectionfor the two-photonprocesspp -~ pp~~~[growsrapidly with energyda/dW2~
ln3s. At s = 2500 GeV2 andW ~ 2 GeV it hasthe sameorderof magnitude[32—34] as thedata
[30] recalculatedfor pp-collisions(ats ‘—‘ SO GeV2),which areplottedin fig. 8.

—32 —,--

\,

\

\+

~2~3~4~5 ~6~7~9
W(GeV(

Fig. B. The cross-sectionda/dWfor two-photonpair productionin pp-collisionsat s = 2500GeV2.CurveI is the crosssectiontaking
into accountjets (fig. 1 andfig. 7) andcurve II is thecontribution of the fig. 1 diagram.Theexperimentalpoints [30] at s = 50 GeV2

aregivenfor comparison.
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Togetherwith the usualtwo-photonmechanism(fig. 1) the processwith jet formation (fig. 7)
is of importancehere.The contributionof the first of thesemechanismsis easilycalculated(for
detailsseesect.6.8) [341. The total crosssection,taking into accountthejets shownin fig. 8,
has been found by numerical integration in [351.

Thus,if the one-photoncontributiondoesnot grow with increasings, then at s � 1000 GeV2
(in the experimentsat the ISR) oneneedsto takeinto accountthe two-photonmechanismfor
f.C pair production.

2.2. Someprocessesofhigh order in a

With theincreaseof the energyof acceleratorsit now appearspossibleto measureprocessesof
ratherhigh order in a.

I. Thecrosssectionfor two e~epair productionis expressedin termsof the yy—~e~ee~e
crosssectionwhich is of specialinteresttoo.* The crosssectionof the processyy —~ e~ee~eis
asymptoticallyconstantandequals6.45 X l0~°cm2 [36, 37]. The totalcrosssectionfor the
transitioncc -~ eee~ee~eincreasesas (ln ~)4 (Serbo [381, Lipatov andFrolov [371)

a2 / ~
aee—~eee~ee~e— ~ ~ ee’e~e( ln —i— J . (2.3)

me!

At \/s = 7 GeV this crosssectionsis ‘-= 0.6 x 10~1 cm2 andof the sameorderas that for thepro-
cessee -~ eejf.C (cf. fig. 2). Thisreactioncangive amarkedbackgroundin measuringthe ‘y’y -~ h
crosssection.Forhadronproductionon nuclei the role of the reaction‘yZ -~ Ze~ee~eis discussed
in refs. [39].

2. In the electroncolliding beamsthe crosssectionfor positronium Ps production in a free
stateappearsto be not too small (Meledin, Serbo,Slivkov [41]) (we speakof the parapositronium,
i.e. thee~eboundstatewith a spin S= 0). Since,roughly speaking,it is necessaryto hit in the
momentumrange(z~p)3‘~- (mea)3,this crosssectionis a3 timeslessthanonesof the e~epair pro-
duction:

7 3 3a~(3)i 5\ - / 5 \
aee-+ eePs= 2 un —~ = 6.6 X 10 3?~ln—~-)cm2 ~(3) = 1 .202. (2.4)

3me \ me! me

We notethat this crosssectionis of the sameorderas thatfor C-evenhadronresonanceproduction.
The producedpositroniummovesfor someperiodof time in the acceleratormagneticfield.

Thiscan leadto a new channelfor its decay.In particular,the velocity of Psmayappearsohigh
thatalreadyin the magneticfield of the acceleratorit is convertedinto longerlife orthopositronium
or can decayinto e~and e.

3. FadinandKhose [42] havenotedthat in colliding ce-beamsthe two-photonproductionof
thesysteme~e’y(fig. 9) is dominantfor producingthephotonswith the energyw> 1 MeV at large
angles07 ‘-~ 1. Thisprocessis aradiativecorrectionfor theprocessof fig. I, its crosssectionin-
creaseslogarithmicallywith energy

*‘fl.,j~interest is due to thefact that alreadyat W 1 GeV the ‘yy — e~ee~ecrosssectionis largerthanthe ~y’y-+ e~ecrosssection.

The latter fallsoff with energy (077 -+ e~e 4ir~2/W2).Therefore, for cosmicphotonswith the energy WL ~ 1022 eV just the
process‘y’y -+ e~ee~edeterminesa contribution into a meanfree-path due to collisions with relic radiation [40]
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Fig. 9. Thedominantdiagramof cc —~eeee’y process.This processis a main sourcefor low energyphotonsemittedat largeangles.

7a5 4 5 \ w2 sin20.y \ d~ky
daee— eee = . I ln (ln 2 — 0.06)~—. (2.5)e ‘y 3ir3w4 sin40~,\ m~J me / °‘

(Thecrosssectionsfor both the usualanddoublebremsstrahlungradiationsare negligibly smallat
~ a2s, sincetheyfall as a3/sanda4/s.)

The aboveprocesscangive a markedbackgroundfor the physicallyvery interestingreaction
e~e-~ PtYy.

2.3. Productionof new(hypothetical)particles

Searchesfor certainnew particleshavebeencarriedout alreadyfor a longtime. We wantto em-
phasizethat, in somecases,the two-photonchannelcangive new ways for their search.

1. In 1 93 1 Dirac pointedout that someparticlewhich would havean elementarymagnetic
chargeg (monopole)(g = n/2e; n = 1, 2, 3, ...) canexist. Resultof searchesfor monopolesnow
consistsin the fact that for mg ~ S GeV the crosssectionfor monopoleproductionis lessthan
lO”~cm2 (see,e.g.review [43]).

Themagnitudeof the crosssectionfor monopoleproductionin electromagneticinteractions
should not be determinedin termsof orderasincethe smallconstante enterssucha crosssection
only whenmultiplied by a largeconstantg. For that reasonthe two-photonchannelis not here,
at least,less significantthanthe one-photonchannel.The importanceof the two-photonchannel
was pointedout by CabibboandFerrari [44].

Becauseof the stronginteractionof monopoleswith light their productionshouldbe suppressed
as longas therelativemomentag and~ arenot very large,i.e. at W 2mg(Rudermanand
Zwanziger [45]). It is very probablythatat W> 2mga largepart of theenergyis realisedin.elec-
tromagneticradiation [45].

In addition to this, onecanexpect,by analogywith hadrons,that the crosssectionfor the two-
photonproductionof n photons(throughthe virtual gg~state)is alreadyar.. a.., — m~2alreadyat
W ~ 2mg.Therefore,if Dirac monopolesexist, thenat s> 1 6m~nearlyisotropicbackgroundof
photons(andperhapseke,~i~j.C) canbe observedwith the crosssection~ m~2andspecificeffective
mass~ 2mg in pp-scattering.The characteristicsof the spectrumof suchphotonsis discussedby
NewmeyerandTrefil [46].

2. Onecannotexcludethat besidese~and~ otherchargedheavyleptonsL~can exist (see,e.g.
review [47]).

As Gerstein,LandsbergandFolomeshkinhavepointedout [481, if the spinof theU is more
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than4, thenthe crosssectionfor the process‘y’y-÷L~L can grow with energy.Thetwo-photon

mechanismshould thendominatealreadyat not too high energies.

3. Topicalproblemsdealwith the two-photonproductionofan intermediatevectorbosonW in
ce-collisions(ee -+ cc W~W-).The crosssectionsexpectedheredependessentiallyon the W-boson
gyromagneticratiog. In the Weinbergrenormalizabletheoryof weak andelectromagneticinterac-
tionsg 2.

In this theory Sushkov,FlambaumandKhriplovich [49a1haveinvestigatedthe W-bosonpro-
duction.At W2 ~ m~theyy-~W÷Wcrosssectionis asymptoticallyconstant,a 8ira2/m~.As a
result,the total cc -+ eeW~Wcrosssectiongrowsas ln4s(like force -~ eeh).At(s/m~)~ ln(s/m~):

4a4 / s \2[7 \2 1
0eeeeWW~ —TIln----~ [~1n_—~) —~ln—~+

12—3ir . (2.6)
~Tm~ \ me! m~/ m~ J

Thiscrosssectionbeginsto dominateoverthe annihilation(eke -~ W~W)productioncrosssection
at’.,/s~l

4m~.
If g * 2 (nonrenormalizabletheory),thentheyy ~ W~W’crosssectionincreasesasa2W2/m~

when W2 increases.As aresult, atg = 1 onehasaee..eew~w (5a4s/54irm~){ln(s/m~)}2[49b].
Let usnotein conclusionthat in the Weinbergtheorym~~ 37 GeV/c2.Thepresentexperi-

mentallower boundof m~is 10 GeV/c2.

3. Physicsof hadronproductionby photons

In this sectionweshall discussthe physicalproblemsconnectedwith hadronproductionby
photonsin the ‘y’y h ande~e ‘y’~’ -÷ h reactions.We restrictourselvesto a discussionof problems,
which areof greatinterestfrom ourpoint of view.

We beginwith a brief review of experimentalresultsobtainedfor thesereactions(sub-section
3.1). Thefollowing sub-sectionsaredevotedto a descriptionof anumberof physicalproblems
Whoseunderstandingcanadvanceby meansof experimentson hadronproductionby photons.
~Weattemptto constructour descriptionin orderto showwhat newinformationfor solving these
problemscanbe obtainedfrom suchexperiments*.A summaryfor a numberof possibleexperi-
mentsis given in tables2, 3.

The ~y*~y*~ h transitionis studiedin experimentson two-photonhadronproduction(fig. 1).

e~e-÷ e±e.y*y*—~ e~eh. (3.1)

Herethe main objectfor an investigationis the ‘y’y -~ h amplitudes,bothoffmassshellandfor a!-
most real photons.In this reactionthe colliding photonsarespace-like(q~< 0). Theproduced
hadronsystemis C-evenandits totalmassis W = ‘~/(q

1 + q2)
2.

The y~~ h transitionis studiedin experimentson annihilationhadronproduction(fig. 3)

e~e ~y*-~ h. (3.2)

Here themain objectunderstudy is thevertex ‘y* -÷ h. The producedhadronsystemhasthequan-

*A discussionof a number of suchproblems from a similar point ofview is contained in refs. [7, 50,34, 14].
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turn numberof a’y, i.e. it is C-odd,its total angularmomentumJ= 1, andits effective massis
= \/s 2E.

3. 1. Experimental results

The main experimentaldataon hadronproductionby photonshavebeenobtainedfrom experi-
mentson electroncolliding beams(eke).The energiesof the first generationof suchaccelerators
werecomparativelylow. Therefore,in experimentswhich hadbeencarriedout up to now,mainly
annihilationproduction(3.2) was studied.

First of all vectormesonswith thephotonquantumnumbersp, w, ~phavebeeninvestigated.
Theseexperimentshaveprovidedan importantextra informationon their parameters(masses,
widthes,decaymodesandmixing angles),see e.g. [511.
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The broadpeakin the energydependenceof the crosssectionfor productionof four charged
pionsin eke-annihilation[521 hasbeeninterpreted[52—531as evidencefor the existenceof a
new vectormesonresonance,p’, of mass~ 1.6 GeV andwith F,,, 0.35GeV, havingthe same
quantumnumbersas the p-meson(JPC= l~,

1G = l~).The sameresonancewas observedalsoin
photoproductionoff a proton [541.

In colliding e~ebeams,ir, K andp form factorshavebeeninvestigatedfirstly in the rangeof
time-like photonmomenta.To extracte.g. the pion form factorFr(s) oneusestherelation:

2 2\3/2irai 4mi
ae*e-it+it---~—~l ___~!~) IF~(s)I

2. (3.3)

The experimentalvaluesof Fr(s) areplottedin fig. 10. The p-peak(IF~(s= m~)I2 42) andthe
shoulderat ~Js 780 MeV dueto p—wmixing areseenclearly.The experimentalvaluesof the

IF~I (b(

x Novosibirsk [55]

2.5 0 Novosibirsk [57]
Adonegroups

• ~orgroup [58]

V BCF [59]
2.0 -

1.0 1.5 2.0 2.5 3.0 2E(GeV(

Fig. lOb.
Fig. lOa,b. The pion form factorversus~../s= 2E. Thesolid line is thebestfit on thep-rangein which the Gounaris—Sakuraiap-

proximation[60] wasused,andp—w-mixing wastaken into account.
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Fig. 11.The kaon form factor ver~ss..,/s = 2E.The solid line is the theoretical expectationbasedon the p, ~, ~ tails.

kaonform factorats> m~areplottedin fig. 11 .( IFK(s = m~)I 85). The e~e-~ ~ipcrosssection
is measurednow ata uniquevalue~,/s= 2.1 GeV only [611. Assuming GE I = IGMI theauthors
of ref. [61] havefound IGEI = IGM I = 0.27 ±0.04at q2 = 4.4 GeV2. Thisvalueis considerably
greatercomparedto what is obtainedby a simpleextrapolationfrom a space-likeregion (dipole
approximation).

Oneof the mostinterestingtrendsin electroncolliding beamsis an investigationof the total
crosssectionae+e--~ h of the annihilationhadronproduction.As it is seenfrom fig. 12 the cross
sectionUe+e--+ h is of the sameorderor evenlargerthanthatof the annihilationof point-like par-
ticles(I . 1). Sucha relatively largecrosssectionis mainly dueto multihadron(nh ~. 3) production.

Thesevariousenumeratedresultsarediscussedin moredetail in a numberof reviews(seee.g.
[51, 68,70]).
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At last, ‘y’y ~ h transitionwas investigatedso far mainly in experimentson thephotoproduction
of ~o and~ioff a nucleusonly (Primakoff effect,cf. [691). In sucha way, the mostprecisevalue
of the ~o life-time hasbeenobtained.In colliding e~ebeamsthe processe~e—~ e~eir~(,i.e.
‘y’y —~ f’if transition,hasbeenobservedrecently [201] -

3.2. The hadron-likepropertiesof thephoton. Thereaction ‘y’y ~ h near the massshell

Fromthe presentpoint of view, the interactionof a real, or almostreal, photonwith a hadron
is similar to thatof hadronswith an otherhadron.Suchan approachallowsoneto usea number
of ideasof hadronphysicsfor a descriptionof the~‘y~ h reactionalso.Experimentalstudyallows
oneto test the correctnessof this approachandas long as this is the caseonethenfinds only some
peculiaritiesfor the77-interactionwhencomparedto otherhadroncollisions.

1. The ideaof the hadronlikenessof thephotonallowsoneto predicta numberof specific fea-
turesfor theyy ~ h reaction.Someof thesepredictionsseemreliableenough.

In the first placetheyareconcernedwith theenergydependenceof the total crosssectiona77
[7]. This dependenceshouldbe found to be as shownin fig. 13. A distinctionbetweena77and
hadroncrosssectionsis primarily determinedby thefactor a

2. Thisgives thecharacteristicvalue
of a

77 ‘—j a
2/m~.

NearthresholdW2 = 4m~the crosssectionshouldbe closeto the yy —‘P 7r4i( onecalculatedin
QED (Born approximation)a

77 i~QED (7ra2/2m~W1— 4m~/W
2.As W2 increasesstronginter-

actionbecomesdominant.At first the main contributionto the crosssectionis dueto theproduc-
tion of a irir-system.Furthera

77showsa setof overlappingpeakscorrespondingto the production
of C-evenbosonresonances.With further increaseof W

2, the crosssectiongraduallyapproachesa
constanta

77(oo) -~ a
2/m~just as in otherhadronprocesses.

Inclusivereactionsof the type77 ~ ir + ... will be apparentlythe first to be studiedexperimen-
tally. At intermediateenergiesa usualmissing-massmethodallowsoneto obtainfrom themanew
informationon resonances.

At high energiesonecanexpectthat the Feynmanscalinglaw [71] will be fulfilled. Andthe
questionnow is what energiesfor 77-collisionsarelargeenough,i.e. beyondwhat energiesthe
scalinglaw, if any, takesplace.A peculiarity of 77-collisionscanresult in a noticeabledistinction
for the compositionof secondariesat high energiesas againstthat found in purehadroncollisions.

The distributionin transversemomentumalsoshouldhavethe samecharacteristicsas in hadron
collisions. It is naturalto expectameantransversemomentum(p

1) of the sameorderas that
found in all hadronprocesses(300—500MeV). But in the rangeIp1 I < 300—500MeV thedistri-
bution in p1 is probablyflatter thanin usualhadroncollisions (seesect.4.3). The ~7 -~ h reaction
can turn out to be the mostconvenientonefor a studyof the (p1> dependence,if any,on energy.

2. Let usdescribenow more specificpredictionsconcernedwith particularmodelsof hadron
interaction.

For a descriptionof the crosssectiona77 in analogywith hadroncrosssections,onecanapply
a Reggeanalysis.If the Pomeranchuksingularity is dominant,thenaccordingto the factorization
theorem[72]

a77(W
2, q~,q~)= a

7~(W
2,q~)a

7~(W
2, q~)/a~~(W2). (3.4)
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4m~

Fig. 1 3. Thenear-mass-shell~ -~ h crosssectionversussquaredcenter-of-massenergyW2 in assumptionof hadronlikenessof photon.

From therewe havethe asymptoticbehaviourof the totalcrosssectionon massshell [7]

a77(°°,0,0) = cr77(°o)= (0.11)2/38mbr~3 x l0~’cm
2 a2/3m~. (3.5)

Onecanexpectthat the total contributionof all resonancesis large.If this is so then,dueto
duality at finite valuesof W2 ~ 5 GeV2, the valueu

77(W
2)shouldmarkedlyexceeda

77(°o).This
differenceshoulddecreaseas a W~(contributionsof P’ andA2 trajectories).Taking accountof
the f-resonancein direct channelonly, we havea ~ a~(°o)GeV.

At W
2 ~‘ 1 GeV2 a largecontributionto the crosssectionshouldresultfrom diffractive photon

excitation,i.e. processes77 V
1V2 (V1,2 = p, ~p,w, ...) [21. The total crosssectionfor thesepro-

cessescan becalculatedeitherby meansof the factorizationtheorem(with knowncrosssections
yp ~ Vp andpp ~ pp) or by meansof a vectordominancemodel.Both thesemethodsgive close
results.For instance[73, 74, 5]

(2—5)X 10-32 cm
2”- 0.1 a

77(oo). (3.6)

Comparing (3.5) and (3.6), one sees that the fraction of diffractive photonexcitationin the total
77 crosssectionis to be of thesameorderas the fraction of elastichadronscatteringin the total
crosssection.

An importantcharacteristicof theseprocessesis the slopeparameterof a diffractive peakb.
Using the usualapproximationda/dt = Aebt for a contributionof the Pomeranchuksingularity
Pandwith the aid of the factorizationtheorem,we obtain

b77 = b7~ Vjp + b7~ V2p — ~ ~. (3.7)

Thereis herethe interestingpossibilityof an anomaloussmallvalueof b77~1~2,i.e. the weak
t-dependenceof thevertex ‘yVp [74]. So,choosingexperimentalvaluesfor the Pomeranchon
(i.e. neglectingcontributionsexceptp) ~ = 5.4±0.3 [75] and~ = 10 GeV

2 we ob-
tain ~ = 0.8 ±0.3GeV2.

In theresonancerangethe y-y ~ h crosssectionmaybe estimatedwith the helpof finite energy
sumrules. The two-photonwidths of �, ~, A

2 wereobtainedin refs. [761 just in the samemanner.
Onecan studyalsothequantity r77. Thereis a differencebetweenthe crosssectionsfor scatter-

ing of a transversephotonwith parallellinear polarization(a11) andorthogonallinear polarization
(as),r77 = a11 — a~(1.5).At small W the valueof is of the sameorderas of a77. So, in thepro-
ductionof ahadronsystemwith JP = 0~(e.g. someresonances)

r77±2a77. (3.8)
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In ref. [77] a Reggeanalysisof all yy-forward amplitudeshasbeencarriedout andthis analysis
hasshownthat singularitieswith the negativeP-parity(and positivesignature)only contributeto
r77. For suchReggetrajectoriesa(0)< 0. The leadingsingularityof suchtypecorrespondsto the
exchangeby threePomeranchons.Their contributiondecreasesas (ln W

2Y2 only. If suchrelatively
largecontributionto will not be observed,thenthis will cometo largedoubtsaboutthevali-
dity of modelswith the Reggecuts.If in r.~thereareno fixed singularitieswith Re/ ~ 0 and
suchReggecutsareunessential,thenin this casethe superconvergentsumrule is applied [74]

fr
77(w2)dw2 = 0. (3.9)

3. Thenear-massshell region. The wholeprecedingdescriptionwas appliedto processesin
wh~chparticipateboth real photonsandphotonswith a smallvirtuality (Iq~I ~ m~).(An evident
modification for virtual photonsis theinclusion of processeswith the participationof scalar
photons.)

In particular,the energydependenceof the crosssectionsaab shouldbe qualitatively the same
as in fig. 13. But with increasingIq

2I the typicalvaluefor thesecrosssectionschanges.By analogy
with deepinelasticep scatteringonecanexpectwith sufficientconfidenceherethatwith the in-
creasingof —q~thecrosssectionaTT decreaseswhile GTS, aST,a~first increasebut laterdecrease.
A specificscalefor thesechangesis, apparently,‘-=m~.Sucha behaviourseemsalsonatural from
thepoint of view of thevectordominancemodel.

In the asymptoticregion (W2 -4 oo) the relativevalueof the crosssectionsof scalarphoton
scatteringcanbe foundby usingthe dataon 7*p~scattering[781 with the helpof the factorization
theorem(3.4). Thistheoremmaybe appliedseparatelyto both thescalarandtransversephotons.
Thisresultsin [7]

a
55(7*y*~÷h) a(7*7*h)a(y*ph) 018 (3 10)

aTs(77 -~ h) aTT(y*~y*-~ h) aT(7p h)

Accordingto the SLAC data [791 the relativePomeranchukoncontributionto the7p-cross
sectiondecreaseswith decreasing—s/q

2.Hencethe estimation(3.10) becomeslessaccuratewith
decreasing— W2/q,~.

It is alsovery interestingto studytheq,~dependencefor such quantitiesasthe multiplicity, the
transversemomentumdistribution,the compositionof secondaries,the relativerole of diffraction,
the characterof inclusive spectraetc.The SLAC-MIT experimentsshowusthatfor yp scattering
the abovefeatureschangequalitativelyalreadyat not too high Iq~I‘— 1 GeV2 (seee.g. [79]). This
fact is interpretedas a transitionto a domainwherethephotoninteractsas a point particleprobing
the internalstructureof the hadron.Doesa similar phenomenatakeplacein y’y scattering?And if
it is the casethen, for whatq,~sucha changein the q2 behaviourtakesplace?

Finally, at still highervaluesof Iq~Iwe reacha region,wherethe short distanceinteractionbe-
comesdominant.

3.3. Theshort distanceinteraction

The natureof stronginteractionsat short distancesis a fundamentalproblemof elementarypar-
tide physics.The conventionalpoint of view is suchthatat short distancesthe hadronmassspec-
trum detailsarenegligibleand the stronginteractionhasa high symmetryanduniversality.
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The highly virtual photonscanprobein detail the internal particlestructure.Then a studyof
hadro~~productionin processeswith highly virtual photonsis oneof the few direct ways of
studyingstronginte’actionat short distances.

- Let us describebriefly somebasictheoreticalapproacheswhich areusedin the investigation
of phenomenaat short distances.

Oneof themost transparentmodelsis theparton one [80—821.In this modelhadronconsists
of pointlike constituents— partons,andthe short distanceparton—partoninteraction is negligibly
small.Thenthe interactionof highly virtual photonswith hadronis reducedto noncoherentinter-
actionswith pointlike partons.

In otherwords, the hadronis supposedto consistof partonsin muchthe sameway as nuclei
consistof nucleons.But in contrastto nucleonsthe free partonsarenot identified up to now.

Anotherwidely discussedpossibility is the hypothesisthat short-distancestronginteractionis
scaleinvariant [83—851.This meansthat in caseof a coordinatedilatation(scaletransformation)
thevacuumexpectationof a productof anynumberof field operators,which aretakenat near-by
points,changesby a numericalfactoronly. In a renormalizabletheorythescalesymmetry leads
to theconformal oneadditionally(seecf. [841). Sucha modelalsocorrespondsto the description
of hadronas compositeparticle.Here,however,the hadronconstituentsstrongly interactwith
eachotherby sucha way that the dimensionalparametersof the theory(massesandcouplingcon-
stants)arenot essential.

Still anothermethodof approachis in termsof light conecommutators.The measurablecross
sectionswith high virtual photonsareexpressedvia the commutatorsof theelectromagneticcur-
rents.J~(x)(cf. (3.11), (3.16)),e.g. the main subjectinvestigatedin the experimentson deepin-
elasti~ep scattering,fig. 14 (the absorptivepart of the forwardComptonamplitude)is

~fd4x(p I [J’~(x),.P(0)] Ip> exp{iqx }

8~2amp~_(g_~.~-)Wi(qP,q2)+ (J _q~!-~)(P_q )l~~1
2~~t1)}. (3.11)

In a verynaturalassumptiononecanshow that as 1q
21 -+ oc anda fixed w = 2Pq/(—q2)the main con-

tribution to thisintegralis dueto the short distanceregionx2 1/q2. Therefore,phenomenaat
1q21 -~ °° are determinedby the characterof the light conecurrentcommutatorsingularity [86].

The approachesbasedon quantumfield theory modelsareoftenusedas well. Heretheoriesof
the p3-type [87] andthe laddery5-modelwith transversemomentumcut-off [80] correspondto
the partonmodel.A similar pictureappearsalsoin the non-Abeliangaugetheoriesof stronginter-
actionswhich havetheproperty of becominga free-field theoryat short distances(asymptotic
freedom) [971. The short distanceinteractionis scaleinvariant in the renormalizabletheoriesif

electron ~ ~ electron

proton ~~~hadrons

Fig. 14. The deep inelastic ep-scattering.
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the dimensionlesscouplingconstantrenormalizationis finite (seee.g. [881). In particular,the
short distancescaleinvariancetakeplace in theoriesof the type(seein detail [891):

L101g~~s~o~~gps~l”y
5~pps+hp~. (3.12)

2. Most modelsandapproachesconsideredwerecalled into beingby the SLAC-MIT experi-
mentalresultson deepinelasticep-scattering.In theseexperimentsthe structuralfunction W

1 and
qPW2 (3.11)werefound to dependpractically on the dimensionlessratio w = 2Pq/(—q

2)but not
on the quantitiesq2 andPq separately(if 1q2 I andPq arelargeenough).This quite nontrivial prop-
erty predictedby Bjorken [90] is called a scalinglaw (or an automodelity).Beforedescribingthe
applicationsof the consideredmodelsto 7y-scattering,it is usefulto notethat all theydo at least
not contradictto thesedata.

This scalinglaw is naturallyexplainedby the partonmodel [80—82]. Justin the samemanner
this scalinglaw is obtainedundertheassumptionthat the light-conecurrent-commutatorsingularity
is just the sameas that for free fields [911 . *

In the modelswith scaleinvarianceat short distancesthe scalinglaw canbe brokenby strong
interactionat short distances.In suchmodelsthe productsof field operatorson the light coneare
in generalmoresingular thanthat for free fields [84] . For the structurefunctionsW

1 the Polyakov
sumrulestakeplaceonly here [851 , e.g.

f (qP)W2(w,q
2) B~)(_q2)~7(i); j~ 2; 7(2) = 0. (3.13)

1 WI

HereB andy areindependenton q2. The scalinglaw for W
1 andqPW2 is valid only if y(j) 0. In

particular,in the ladder7
5-model7(j) ~ 0 and the scalinglaw is broken.This breakingcanbe

numericallysmall [931 andcould not contradictthe experimentaldata.
Thus,the known resultsof experimentson deepinelasticep-scatteringdo not contradictthe

abovemodels.To choosebetweenthem it is necessaryto investigateboth this andotherprocesses
(e.g.yy-scattering).

Annihilation hadronproduction (eke -~ 7* -+ h):
1. Whenstudyingthetotal crosssectionfor one-photon-annihilationhadronproductionah(s)a

fundamentalproblemis whethera quantitysah(s)is asymptoticallyconstantas it is in theelectro-
dynamicsof point-like particles(1 . 1). Sucha dependenceis obtainedfrom sufficiently general
suggestionsin a wide classof models[80—82,85,94—96,31,971.

A. In the simplestvariantof the partonmodel(seee.g. [80, 951) an annihilationproduction
developsaccordingto the schemeof fig. 15, namely,a photondecaysinto a parton—antiparton
pair followed by the furtherconversionof thesepartonsinto real hadrons.Sincetheelectromag-
netic transitionvertex is point-like, thensah(s)-4 const.The valueof thisconstantis determined
by the chargeandthe spin of thepartonsonly. In this case[94, 951

lim =R =~Q~+ ~ (3.14a)

a(e e y~ ~ ~ )

*The restrictions on spectral functions of the Jost—Lehman—Dysonrepresentationdue to the scaling law are obtained in refs. [92].
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HereQfeandQbe arethe chargesof the parton with spin ~- and0 respectively.In the usualquark
modelR = ~. In the colouredquarkmodelR = 2 as well andif mesonandbaryonoctetsareele-
mentarythenR = ~-. The experimentals-dependenceof R is plottedin fig. 12.

B. In theorieswith scaleinvarianceat short distancestheelectromagneticcurrenthasa normal
dimensiondueto gaugeinvariance.Becauseof this thequantitysah(s)is alsoasymptoticallycon-
stant[85] but thequantityR hasno simplemeaning(3.14a).

Crewther[1 391,ChanowitzandEllis [1521 haveconsideredthephotonform factor for the
trace of the stress-energy tensor (y(k1p)IO~(0)Iy(k2v))= _(gMv(kik2) — k~k~)F[(k1—k2)

2]in the
model of partially conserved dilatation current (PCDC). They have shown that this form factor is
connectedwith R througha simplerelation

6ir2 3~
R =—TF(0)=-----F(0). (3.l4b)

e 2a

Using VDMand the hypothesis that the electromagnetic current is U-spin singlet, Terazawa [2021

hasobtainedfrom herethe resultwhich is in agreementwith data(cf. fig. 1 2)

R = 16ir2/J~ 57 ±0.9. (3.14c)

C. A differentapproachto the problemof asymptoticbehaviourfor sah(s)basedon the ideas
of the vectordominancemodelis discussedin section3.4.

D. TherecentSPEARandCEA data(seefig. 1 2) showthat the crosssectionah(s)itself is ap-
proximatelyconstant,ah(s) 15—25 nb in the interval4GeV2 ‘~ s ~ 25 GeV2. Sucha behaviour
is impossibleto understandin the frameworkof theknown models.* If ah(s)will not decreaseas
s will increase,thentherearisesa contradictionto the presentideasaboutthe natureof the strong
andelectromagneticinteractionswhich appears,probably,to be too serious.This seemsto us to
be impossible,i.e. we supposethat oh(s)will decreasenot slower thans’ beginningfrom some
values of s.

2. Theshapeof the angularandenergydistributionofsecondariesandmultiplicity depends
essentiallyon the featureof the purehadroninteractionalso.

A. In a partonmodel, as well as in modelswith scaleinvariancea photondecaysinto a parton—
antipartonpair (figs. 1 5, 16). But furtherthe processmay developin differentways.

In a versionof the partonmodel [801 hadronproductionfrom a primarypartonis like brems-
strahlung(fig. 1 5). In this caseproducedhadronform twojets. The transversemomentumspread
within the limits of thesejets is smallanda distribution in log e

1 is, roughlyspeaking,uniform.
Dependingon averagemassof the primaryvirtual parton,thenumberof producedhadrons(mul-
tiplicity) is either finite [98] or growingas ins [80].

B. In a model with scaleinvariance[851 a partonor streamdecayis a cascadeprocess(fig. 16).
At eachstepa heavystreamis transformedinto a smallnumberof lighter streamswith masses
comparableto thatof the streamthat hasproducedthem.The fission processgoeson until the
massdecreasesandis a real hadronmass.As a result,the producedhadronsform a few jets in-
sidewhich onecanextractmoresmalljet structureswith largetransversemomenta.Forsucha
mechanismthe multiplicity (n) increasesass

6(S< ~).

*Note however,that for the minimal (nonrenormalizable) electromagnetic interaction of vectormesonsthe quantity 50h should

increasewiths [158].
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Fig. 15. The hadronproductionin a timelike photondecayaccordingto models [80, 95]. Thephotondecaysinto parton—anti-
partonpair, thehadronproductionoff theinitial partonis similar to bremsstrahlung.

C. A specialgroupis formed by statisticalandhydrodynamicalmodelsin which a photonde-
cay is like a point explosion.Thesemodelspredictangularandmomentumdistributionsandalso
multiplicity but no valuefor thecrosssection.In thestatisticalmodel [991 onesuggeststhat,
after the explosion,the interactionis switchedoff immediatelyandthe meanenergydoesnot de-
pendon s. In this casethehadrondecayis isotropicandthe multiplity growsas
((n> ‘.fs/(E~)).If stronginteractionsamonga largenumberof hadronsafter the explosionare
takeninto account,in thespirit of thehydrodynamicalLandautheory [1001, thenthe decayis
altogetherisotropicbut somesecondariesarehigh energeticones*. For multiplicity estimation,it
is sufficienthereto usethe thermodynamicalrelationsfor theentropyS andenergyQ:
S cx VT4, Q cx VT4 (V is the volume,T is the temperature,Q = ..,/s= ‘~.,,/q2).The multiplicity (n) is
proportionalto theentropyat the momentof decayfor fragmentswhenV - rn3. As a result,in
sucha model(n> ~ =

3. A specific information canbeobtainedby studyingthe inclusivecrosssectionse~e—~ p +

e~e~ ir + ... etc. (fig. 17). The correspondingdistributionin energye = qP/~/~andin escapeangle
0 of the labelledhadronhasthe form [801

do 4ira2 r— /�2 \_
~ m~,\/e~—m~,12W +( —i-— lJW

2sin
2O

dedcos0 q L \rn~ /

The e~e—* p + ... structurefunctionsW
1 andqPW2arespecificanalyticcontinuationsto the

domainq
2> 2qP>.O of the functionsW

1 andW2 (3.11)definedfor q
2 < 0 (seee.g. [1021). Is the

scalinglaw fulfilled for W
1 andqPW2 in the timelike region?Are thereanysimplerelationsbetween

W1 and W1? Therelation

W2(1/w, q
2) = — -~- W

2(w, —q
2)

is an exampleof sucha relation,obtainedin ref. [101~.

A comparisonof inclusivespectraof differentparticleswill be an importanttestofshort-distance-
interactioninternalsymmetry.For example,accordingto SU(3) andthe hypothesisthat theelec-
tromagneticcurrentis a U-spinsinglet, the differentialcrosssectionlabelledby thedetectedbaryon,
andobservedatidenticalvaluesof q2 andqP,shouldsatisfythe relations[801

us note that in this point the preliminary data of SPEAR [203] arecloseto the predictions of thehydrodynamical model

[100, 204].



V.M. Budneveta!., The two-photonparticleproduction mechanism 211

Fig. 16. The hadron production for a timelike-photon decayaccording to scaleinvariance model [85].

01T = 01T~= 0K~’ °K0 = ~(3a~ —

= os-, a~+= ~ O~o= 0~= ~(3aA — Gio). (3.15)

If at short distancesthereis no SU(3)breakingthenat largeq2 andqP theserelationsshouldbe
exact.As a possiblecriterion for passageto theshortdistanceregion onecanusee.g.the fulfilI~
mentof scalinglaw for W

1 andqPW2.
From a somewhatdifferentpoint of view someof the abovequestionsarediscussedin the ex-

cellent review [701.

Two-photonhadronproduction
yy-scatteringis auniqueexampleof a reactionin which the massesof both colliding particles

canbe changedin a wide range.
Deepvirtual yy-scatteringis lessstudiedtheoreticallythanyp-scattering.Also in a majority of

pppersonly the total 77-crosssectionsare described.Oneusuallyproposesthat thesecrosssec-
tions should dependnot on threeinvariantsW

2,q~,andq~but on the smallestnumberof param-
eters,namely,on oneor two combinationsof theseinvariants.Thesecombinationsdependboth
on a usedmodelandon the relationbetweenW2, q~,q~andmt”- I GeV2 (m

0 is the inherent
massparameterof stronginteractions).In particular, W

2/q~is no good scalingvariablein yy-scatter-
ing usually.

The yy-crosssectionsareconnectedwith the absorptivepart of the forward yy-amplitude

~

Fig. 17. Inclusive processe~e 7* -+ h + anything.
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(a) (b) (c( (dl
Fig. 18. Thevirtual forward 77-scattering.

~ (cf. (5.7)).This amplitudeis in turn connectedwith a commutatorof four currentsby
the equation* (seefig. 1 8)

w1Pv=~fd4xd4yd4zexp[iq1(x_z)+iq~y]0I[T*{J~’(x)J0’(y)}+, T* {J~(z)~(0)}1 0). (3.16)

In yp-scatteringonesquareddistancex
2 only canbe small (the distancebetweenthe space-time

pointsxand0 in (3.11)).Thene.g. in the partonmodel [811 this processis representedby the
diagramof fig. 1 9 in which thestraight line betweenx and0 correspondsto a free parton,andthe
dashedblob describesthe(large-distance)parton—protonscattering.Therefore,in the measurable
crosssectionbothshortandlargedistanceseffectsare essential.Sucha propertyappliesto almost
all theotherknown processes.

Unlike in yp-scattering,in yy-scatteringtherearevaluesof the kinematicvariablesW2, q~
1and

q~suchthat simultaneouslysmallvaluesfor somedistancesx
2, (x — y)2,z2 etc. areessential.The

essentialsupremacyof yy-scatteringoverthe otherprocessesis that sucha domainof W2, q~,q~
exists,in which all six distancesin fig. 18 are small. In it largedistanceinteractionsis inessential.
That domainis of the mostprincipal interest.

1. Short distanceregion. In accordancewith ref. [103], a main contributionto (3.16) is due
to the domainwhereall six distancesbetweenthe verticesof fig. 18, havesmallvaluesjf**

rn~~ W2 ‘~ q~q~/rn~,; Iq~I ~‘ m~ m
0 ‘-~ 1 GeV. (3.17)

A. Hereonecantestmost directlythe short distancescaleinvariancehypothesis[2001 - Ac-
cordingto this hypothesisthe 77-amplitudelS a non-trivial functionof two dimensionlessvariables.
In the absenceof quasilocaltermsof fig. 1 8b—d it hasthe form

f(q~/W
2,q~/W2). (3.18)

The usual additionalfactor (W2)2~7is absentherebecauseof thephotonanomaldimension
�7 = 0 (cf. e.g. [851). If the quasilocaltermsareessentialthenthe termswhich grow as (W2~~can
appear(‘q is the anomaldimensionof the(scalaror tensor)quasilocaloperator
[~S/~A’~(x)öA~(x)]5’ (cf. [2001)).

B. Let us discussnow this domainin termsof light conealgebra.The existenceof a largenumber
*The designationT* correspondsto the necessityof taking accountof quasilocalterms(correspondingto interactionsof the type

~ irOFI.LV V etc.).With their beingtakeninto accounta direct reductionto theusualcommutatorof four currentsis im-
possible.As a result,themeasurableabsorptivepart in W2 is describedby diagramsof fig. 18. Usually, only the first of them
(fig. l8a) is takeninto account.

**In this case(atq~‘~-q~)

(x—y)2 ~ < qiq
2/q~q~ (x—z)

2 ~ q
1q2/W

2q~ y2 ~ q
1q2/W

2q~ (3.17a)

x2 ~ q
1q2(W

2 — q~)/W2q~q~ (y—z)2 <q
1q2(W

2 — q~)/W2q~q~ 2q
1q2 = W

2 — — q~.
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Fig. 19. The7p-scatteringdiagramgiving themain contributionat smallx
2 accordingto the parton model.The straightlines corre-

spondto freepartonsthe dashedblob describesparton—protonscattering.

of short distancesdemandsherenew assumptions.The usual assumptionon the singularityof a
simple commutatorof two electromagneticcurrentsnearthe light cone[911 (which gives the re-
sult for the yp-scattering)reducesthe matrix element(3.16) to thecommutatorof two bilocal
operatorsnearthe light cone.Further,it is necessaryto makean assumptionaboutthe character
of the singularityof this commutator.

Suchan assumptionis containede.g. in a hypothesison the bilocal operatoralgebraas madein
ref. [104]. Accordingto this hypothesis,thesingularity of this commutatoris the sameas that
for free fields. Theseassumptionsdeterminetheasymptoticbehaviourof W~”~”°in the domain
(3.17) completely.This asymptoticbehaviouris just thesameas thatof the box-diagramcontribu-
tion of fig. 20 [105_109]*.

C. Finally, in the partonmodelthe amplitude is also determinedby the box-diagramcontribu-
tion of fig. 20, in which the linesbetweentheverticesx, y, z, 0 correspondto free partons
[109—Ill]. The choiceof a definite setof fundamentalpartonsdeterminesthe resultexactly.
(This correspondsto the fact thatat short distances,stronginteractionsareswitchedoff andonly
the usualelectromagneticparton-lightinteractionsareconserved.)The correspondingcontribu-
tionsof scalarandspinorpartonsto the yy-amplitudearecomputede.g. in ref. [1081. Theyare
listed in appendixE.

Sometimesthe scalarandspinorcontributionsarefully separated.For example,scalarpartons
do not contributeto a transversephotoncrosssectionat W2 ~‘ Iq~I:

OTT(7*7* -+ h) = UTT(77 ~ p~jf) ~ (3.19a)

Spinorpartonsdo not contributeto a scalarphotoncrosssectionat W2 ~ ]q~— q~I:

oSS(y*y* h) = ~ [I + 2q~2
2 ln~-~]I~Q~. (3.19b)

1q1—q21 q1—q2 q2

HereeQf andeQb arethe chargesor the spinorandscalarpartons,respectively.In the quark
model ~ = .~, E = 0, in thecolouredquarkmodel ~ = ~, ~ = 0, if partonsform meson
andbaryonoctets, ~ = 4, ~ = 2.

Equations(3.19)and(3.l4a) (for the 7* -÷ h transition)will give an importantknowledgeon
the partonchargeandspin.

*In ref. [105] another channel~ h7* wasconsidered(for timelike photons).In refs. [106—108] theresults of ref. [105] were

extendedto a 7*7* -+ h transition for space-likephotons in the domain W
2 ~ —q~lq~I ~ m~.In refs. [103, 109] onehasshown

that, for q,2 <0, the box-contribution is dominant in a wider domain (3.17).
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q~~q~>~1

Fig. 20. Thebox-diagramsfor 77-scattering.

2. With our going out of the region(3.17) thelargedistancestronginteractioneffects become
essential.

The first exampleof sucha kind is theReggeregionat largephoton“masses”:

W2>>q~q~/m~ ~ (3.20)

Here the main contributionto the integral(3.16) is dueto smallvaluesof (x—z)2 1/q~ and
l/q~anddueto a largerdomainin the otherdistances:x2, z2, (x—y)2, (y—z)2 ~ W2/q~q~

[109]. Therefore,the usualmethodsof the hadrodynamicsmay beusedhere.
A. In particular,onecanexpectthat in the region (3.20) the factorizationtheorem(3.4) is

valid for eachRegge-trajectorycontribution.For the trajectorya in pp-scatteringW2a~,‘~- (W2/m~)°p.
In muchthe sameway as in yp-scatteringW2a

7~,“-j (W
2/q2)°P (if the scalinglaw is fulfilled in the

Regge-regionalso).
As a result W2a

77~ (W
2a

7~)
2(W2a~~y’— (W2m~/q~q~)°P.Sincethis conclusionis valid for a

contributionof anyRegge-trajectory,the total amplitudehasthenthe form [93, 1121:

W2a
77 f(W

2rn~/q~q~), (3.21)

i.e. it dependson the only (dimensional)parameterW2/q~q~.
B. The result (3.21) is alsoobtainablein the partonmodel[1131 as well as with usual assump-

tionsabout light conecommutatoralgebra[ 1091 ~>. Of course,in all thesedescriptionsit is neces-
saryto takeinto accountthebox-contributionof fig. 20. The amplitudehasthe form (3.21) only
if the quantity (3.21) is dominantover thebox-contribution[1111.

The applicationof the factorizationtheorem(3.4) both for transverseandscalarphotonsper-
mits to concludethat the ratioR (3.10) of the crosssectionsfor scalarandtransversephotons
scatteringis independentof the typeof target.In the partonmodelR givesanestimateof the
relativesignificanceof spinorandspinlesspartonsin the correspondingprocesses.The universality
of R meansthat the compositionof partonswith which the “heavy” photonsinteractis indepen-
dentof thetype of target.Dataon deepinelasticep-scatteringshowa smallvalueof R (~0.18)
i.e. a dominantrole of spinorpartons.

C. For a model with short distancescaleinvariancein the region(3.20) the ~itplitude depends
both on W2/q~q~andon theotherdimensionalparameter~ Heresumrules like (3.13) take
place.In avery roughapproximation,thecontributionof everyReggetrajectorya is multiplied
by ~ [891.

*This is easilyunderstoodwith thehelp of theargumentsof ref. [113] : If photonq~is treatedasa targetthenit is clear(by

analogywith the 7p-scattering)that theamplitudeis somefunction ~p
1(W2/q~q~/m~).But if photon q1 is treated asa target,

thenthis amplitudeis ~2(W
2/q~q~/m~,). Since~‘i and~2 arethesamefunction, thenit should dependon W2/q~q~only.
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D. Using the automodelityhypothesis[311 (or dimensionalanalysis)theresult shouldtakea
form independentof the relationsbetweenW2, q~andq~.Hereno amplitudeshould dependon
dimensionalvariables,i.e. it shoulddependon q~/W2andq~/W2only, either in theregion (3.17),
or in a Reggeregion (3.20). In the last casethis predictionobviouslydiffers from that of other
models.

3. An other exampleis the resonanceregion

W2~—m~ Iq~I~’m~. (3.22)

Here the main contributionto the integral(3.16)comesfrom smallvaluesof
(x—y)2=-z2-- l/(q

1—q2)
2 [105].

The usualassumptionis that the light-conecurrent-commutatorsingularity is the sameas that
for free fields. It is usedherein the samemanneras when obtainingthe scalinglaw for yp-scatter-
ing. It nowfollows thatamplitudesdependon two parametersonly [105—1071

f(W2/m~(q~— q~)/(q~+ q~)). (3.23)

(This conclusionis alsoreproducedin the partonmodel [107—109] andin modelsof the
p3-type [103].)

At —q~changesfrom zeroup to valuesmuchgreaterthanrn~at fixed lq~I ~ m~,,the values
of the amplitudesandthe relativecontributionsof resonancesandbackgroundcanbe noticeably
changed.However,from (3.23) onecanseethatwith a further—q~growth,atq~fixed, theam-
plitudesdo not change,sincea secondargumentof (3.23) is transformedto unity. Using anaddi-
tional assumptionaboutthe fast decreaseof the onephoton—hadronverticeswith the increaseof
thephotonmass[1141, authorsof ref. [109] obtainedthat this conclusionis valid also if the sec-
ondphotonis not too “heavy”, i.e. —q~~ m~.*Sucha behaviouris in strongcontrastwith the
well knownfact that thereis rapid decreaseof resonancecontributionsin y*p~scattering.This dif-
ferenceis dueto the specialnatureof the targets:in y*p~scatteringthe targetis structuralbut in
they*y*~scatteringthe targetis a structurelessone.

3.4. Resonances

The mesonresonanceswerethe first to be studiedin colliding beamexperiments.In suchexperi-
mentsthe mostpreciseinvestigationof mesonresonanceproperties(masses,widths, decaymodes
etc.) is, in principle, possible.A prominentadvantageof their studyin colliding beamsexperi-
mentsfollows from thefact that the abovementionedpropertiescanbe extractedwithout special
hypothesesaboutthe resonanceproductionmechanism(suchhypothesesarenecessarye.g. in an
analysisof irp-scattering).

I. Theannihilationproduction. The investigationof the C-oddvectormesonsp, ip, w [51] is a
well knownexample.Indication for the existenceof the p’ meson[52] putsa numberof new
questions.In particular,whetherw and~p-mesonshavesimilar analoges,w’ and p’ [116], and then,
whetherthe setof vectormesonsis finite. To answerthesequestionsis of courseof importance

*In a numberof papers[115] for thedescriptionof theregion —q~?~m~q~ 0 another assumptionwasused that the 7*7 struc-

tural functionsare distinguished only by a factor from the well known ~y*p~structuralfunctions.
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for particlesystematics.This allowsalsoa deeperunderstandingon the applicability rangeof
modelsof thevectordominance(VDM) type.In an extendedVDM [117, 1181 oneassumesthat
the annihilationproductiontakesplacethroughvectormesonsonly. Onecalls herefor a
Veneziano-likespectrumof vectormesons,with propertiesM~,= M~(2n + 1), M0/f~ M~/f~,
andaddsup all their contributions(assumingtheir Breit—Wigner form at q

2 far from m~also).
To provide the convergenceof the series,a hardenoughrestrictionon theresonancewidths is
necessary(e.g. in the variant [11 71 F~-÷ 0 is necessaryand in the variant [1181 F~/M~-÷0). As
a result, it turnedout that the ratio R oh/aC.C- ~ is constanton the average,
R = 8ir2/J~ 2.5—3. (With the modificationof themassspectrumandMa/f,,, oneobviouslycan
get any suitablevalue for R.) Unfortunately,a direct test of sucha constructionis at leastdiffi-
cult. This is dueto strongoverlapbetweenresonancesandalsoto the competitionsbetween
differenteffects.

In the investigationof hadronproductionin an inclusivesetup (s is not too large)a main interest
is in the studyofquasi-two-particlefinal states(eke -÷y-÷irR, e~e y~-~ R

1R2) [124, 125].
Thesefinal statescontributeessentiallyto oh(s) at \/s —~ 1—1 .5 GeV (cf. [52b1). Suchprocesses
arethe two-particledecaysof a motionlessmassivephoton(with secondariesmovingcollinearly).
Therefore,their studyallowsto testdirectly therelationsfollowed from collinear symmetry
groupse.g. (SU6)~[1261.

A studyof A1 productionis of specialinterestdue to its productionin hadroncollisionsandis
oftensuppressed(becauseof this fact onedoubtsin the A1 existance).Thereis ahypothesis[127]
that in they~-÷ irA1 reactionthis suppressiondisappears.

2. Two-photonproductionof C-evenresonances.Resonanceswith spin J~ I canbe produced
by almostreal photons[119, 1 20, 11. If sucha resonanceis narrow(F ~ mR) thenits production
crosssectionis expressedthrough its two-photondecaywidth ~ (with an accuracyof the order
of F/mR):

F~~F F
77

a
77~R 8ir(2J+ 1) (W

2 — m2p)2 + ~ 8ir2(2J+ l)—~—~(W2— m~). (3.24)

For most(but not all!) of theresonancesonemayrestrictoneselfnow to the roughestimation

a2F (3.25)

which is often the averagevalueof different theoreticalestimationsobtainedby meansof, either
finite energysumrules[76], or the tensordominancemodel [1211, or the quarkmodel [122] etc.

For theproductionof resonancewith J= l~,like theA
1(l070), thoughonephotonshould

havean essentiallynonzeromass.The crosssectionsfor suchresonanceproductionmust thenbe
markedlysmallerthanfor resonanceswith J� 1.

In connectionwith thepseudoscalarnonetproblem it is interestingto studyX°andE produc-
tion (their spinsarenot yet knownwell enough[691). Here onecanexpectadditionalinforma-
tion on theX°-spin,sinceaccordingto [1231 a ratio F~~(J= 2)/F7~(J= 0) 1 0~is obtainedfor
two permissiblevaluesof J(X°).The observationof manyeventsof the two-photontypeE(1422)
productionwouldeliminatethe possibility.J” = l~for this mesonwhich is discussednow.
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3.5. Currentalgebra,PCAC,etc.

The hypothesisof a partially conservedaxial current (PCAC)andcurrentalgebraallow a global
descriptionof a numberof phenomenaof low energypion physics.Suchan approachalsopermits
to establisha numberof relationsfor pion productionby photons,someof themhavingahigh ac-
curacy.Someof the featuresof suchamplitudesreflect the essentialdynamicalpropertiesof
stronginteractions.On theotherhandin studyingpion productionby photonsonecandirectly
investigatequantitieswhich arebasic for this approachsuchas spectraldensitiesof axial andvec-
tor currents.

1. PaisandTreiman [1281 havenotedthat the spectraldensityof the isovectoraxial andvec-
tor currents* canbe definedfrom the differentialcrosssectionof the reactions(fig. 17):

e~e 1 soft pion + anything (3.26)

e~e-÷ 2 soft pions+ anything. (3.27)

Let usconsidere.g. the reactions(3.26).A soft pion with azerofour-momentumP—~ 0 takes
awaya parity andoneunit of isospin only. Therefore,the system“anything” is producedby the
isovectoraxial currentA~.As a result, the differentialcrosssectionof the process(3.26) summed
over all the possiblestatesstandingfor “anything” is proportionalto the axial current spectral
densityp~(q2)(3.28).With the aid of PCAC andcurrentalgebraPaisandTreimanhaveobtained
that this relationhasthe form (at q2 < 4 m~~)

16ir3a2
a~(q2) q4 pA(q) for -irk

8irf~q2lim [(qP)2—q2rn~]112 ° = (3.29)

qP-+ o d(qP)

0 for ir°.

(Thepossibility of studyingthe spectraldensityp~(q2)is herecomplicatedby the largeextrapola-
tion rangefrom qP= c\/s~ m~./sto qP = 0. In this connectionthe accuracyof the approximation
is controlledonly by testingir°-productionsuppression,i.e. a theoreticalestimationof theaccura-
cy in themeasurementof PA is dUo/dat.)

The current algebraandPCAC hypothesisgive a numberof predictionsfor a pion production
by oneor two photonsneara threshold.Thesepredictionsarediscussedin detailse.g.in there-
views [129, 141. We limit ourselveshereto a short surveyof someof themost importantresults.

2. Theproductionofan evennumberofpionsneara threshold. Terentjev[1291 hasobtained
thenext expressionfor the ‘yy-÷?ir amplitudeon massshell

M’-~= ~ + e2f3W2(g~”’— q’~q~/q
1q2). (3.30a)

*These densitiesare introduced by analogywith the electromagneticcurrent spectraldensity, e.g.

(2ir)3~ (0IA~ln>(nIA~,I0>6(q—p~)~ Pps(~2)}. (3.28)
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Using thefirst Weinbergsumrule(f(pV—pA)dp2//.12—f~)[1331 ,he hasobtained*

1 PA(P) — eov(p2)
-~-~—-—--‘ dp2 -~ —. (3.30b)

Here (r2) is the squaredpionradius.Therefore,the amplitudeis describedby the simpleBorn dia-
gramwith thehigh accuracyof orderof (W/m~)2.In the samemannertheyy -÷ ir°ir°amplitude
is of the orderof(W/m~)4[129]. For the largephotonmassestheyy~ir~ir amplitudeis [130,
1311

~ (gl~sv— q
2q1 )fPv(P — PAOI) dp

2. (3.30c)
f,,. q

1q2 p +q1q2

With a subsequentuseof PCAC andreductionformulasit follows that the 71-4 n(ir
4i() ampli-

tudeneara thresholdequalsthe17 -~ ir~ir amplitudemultiplied by kinematicfactorsonly [1321.

3. In the descriptionof theproductionof an oddnumberof soft pionsa new parameterFlT0
appears,which is the couplingconstantfor ir°~ 11 decay(1r0 life-time r = 64 ir (F7T012rn3).
Let usexplainits origin.

In a naiveuseof the standardPCAC procedure,the two-photondecayof a masslesspion is for-
bidden.In this connectionAdler [1341 hasshownthatwith regardto electromagneticinteraction
the basicPCAC relationshipbetweenthe pion field ir1 andthe axial currentA~(x) for the neutral
component(i = 0) shouldbe modified as follows (anomalousPCAC condition)

= m~f~7r0(x)+~ e°F~(x)F~°(x) (3.31)

HereF’~’(x)is the electromagneticfield tensorandAdler’sanomalyS is a certainnumber.In this
caseF1T°for the masslesspion is expressedthroughS

F~°(m~= 0) —-~--S. (3.32)

irf~

One supposesusuallythat this quantitydiffers slightly from the physicalconstantF~°,i.e.

FIT° F’~°(m~)FhT°(0). (3.32b)

The observedir°life-time (r = 0.84 X 1016 sec)correspondsto S = 0.54.
A true role for the Adler’s anomalycanbe found in the first placeby studyingthe iT° ~ 77,
-~ 3ir and‘yy—~-3ir reactions.Usingthe generalassumptionsof PCAC andcurrentalgebraonly,

Terentjev[135] andAdler et al. [1361 haveobtainedan importantrelationshipbetweenFIT°
andtheconstantF3~of the7* -÷ 3ir reaction:

eF3~ Flr°12. (3.33)

Thisequationdeterminesthe connectionbetweenthe valuesof the observedprocessesonly if

*The formula for ~ obtainedin ref. [132] doesnot containtheterm (r2>/3 (cf. in details [129]).
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they aredueto the anomalterm (3.31)only. If it is not the case,equation(3.33) becomesmeaning-
ful. Thus the experimentalverificationof (3.33)will be anessentialtest for the determinationof
the true role of the Adler’s anomaly.

The 77~3ir amplitudeis determinedthroughtheconstantF’~°andtheparameter7, con-
nectedwith the irir-scatteringlength [135, 1361.One canexpressthroughthe sameparameters
the 7* -4 (2n + l)ir and77 -a- (2n + 1)ir amplitudesnearthe threshold(seee.g. [1291). Suchex-
pressionsareobtainedalsofor 7 = 0 by meansof aphenomenologicalLagrangiantechnique[1371.

The 11-÷ nir° amplitudesvanishnearthresholdPffo -* 0 at leastas (P~0)°a-1 [138, 1341.

4. Adler’s anomaly and short distance interaction. Wilson hasshownthat Adler’s anomalyis
entirely dueto short distanceinteraction(i.e. the largedistanceinteractiondoesnot contributein
thevalueof 5) [84]. It hasalloweda determinationof S e.g. in differentvariantsof the quark
parton model(seee.g. [1291)

54~ ~iQQ(Qp~Qn)~ (3.34)

Here eQ is the averagechargeof the fundamentalisotopicmultiplet. In the usualquarkmodel
Q = -~, in the colouredquarkmodel Q= 4. The lastvaluepermitsto explaina visible lifetime un-
der the assumptionthat it is dueto Adler’s anomalyonly.

In the assumptionof s~ortdistancescaleinvariance,Crewther[139] hasshownthat

S=~RK. (3.35)

HereR = 1im5÷ [Ue+e~.~7* -~ h(5)/0e+&~÷,5+,2-(s)] (cf. fig. 12) andK is the axial current contribution
to aWilson operatorproductexpansionfor theproductof two electromagneticcurrents.The
quantityK

2 canbe measuredfrom theea-e -÷ jfjf ir°crosssectionat largesandP~ofixed [140].
In ref. [141] theconnectionbetweenS andthe7~-~ h crosssectionatlarge Iq~landW2 is dis-
cussed.

The fact that thequantityS is independenton largedistanceinteractionmakesthe investigation
of theq~dependenceof S especiallyinteresting.For this purposeoneshould comparetheq~-de-
pendenceon the ~o two-photonproductionamplitudeandthe spectraldensityof the axial cur-
rent.Onemayattempt to extractthe latter, in particular,from experimentson the A

1 two-pho-
ton production.

3.6. Thereactionsy~—a- irir(KK) and17 -a- irir(KK) on massshell, low energyirir-scattering, � and
S*~mesons

In the reactions7* + irir, 7* ~a-KK, ... the ir, K, ... form factorsareobtained(3.3). As the form
factorsdescribedirectly the spaceelectromagneticstructureof the particlestheir further investi-
gationis of unquestionableinterest.

At not too high energiespion pairproduction(17 -a- ira-i() shouldbe the mostimportant
y~-a-h channel.A studyof reactions~~—a- w,r and17-4 KK will allow to testa wide rangeof
fundamentalideasfor thelow energyphysics(seee.g. [142]) both for irir scatteringandfor the
transitions77 ~a-WiT, 7* ~a-irir. The test of theseideasinvolves in particularthe following questions:
1) with what accuracyare thresholdtheoremsvalid andwhat is the rangeof their applicability?
2) what is the domainof applicability of the two-particleunitarity approximation?3) how do
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resonancesin irir andKK systeminfluencethe characterof the 77 -a- ir-zr (Ki~)amplitudes?4) how
do crossing-channelprocesseshavean influenceon thesereactions?5) what arethe main param-
etersof irir-scattering?

The 11-4 n~iramplitudeat thresholdmust becloseto the Thomsonlimit. Currentalgebra
andPCAC determinethe accuracyof this approximation.Accordingto (3.30),a descriptionof
the ~ -a- ira-i( reactionby meansof QED formulas(for pointlike pions)is valid with an accuracy

The 11 -a- ir°ir°amplitudeis determinedin thesameapproximationby meansof an
effectiveLagrangianincluding theyirp and ‘yirw interactions.This amplitudenearthe threshold
is of the orderof

a W2(W2— 2m~)/rn~.

In the low energydomaintwo-particleunitarity is valid for the 17 -a- irir amplitude,namely

ImM~’(yy-*irir) cx M”(
17 -a- irir)M~’(irir -a- irir). (3.36)

At W < 4rn~this equationis exact.An assumptionof approximativevalidity for suchequa-
tions up to W —~ 1 GeV is oneof the fundamentalhypothesisof the low-energyphysics.Fromthe
equation(3.36) it follows directly, that the 11 —a- 7r7r phasescoincidewith the wir phasesä~.Let
usnote, that this relationdoesnot determinedirectly the 71 —a- 7r7r partial amplitudevalues.For
elasticscatteringthe amplitudeis simply e

16 sins,i.e. theamplitudemodulusis unambiguously
determinedby the phaseö. In contrastto this for an inelasticreaction,suchas11 -a- irir theam-
plitude is 1f1e16 with fl not directly connectedwith ~. In particular,a smallvalueof the phaseö
doesnot lead, generallyspeaking,to a smallvalueof fl.

For irir-scatteringat W ~ 1 GeV the higherpartial amplitudes(with J~‘ 2) aresmall (6~~ 1).
Due to (3.36) it follows that the related11 -a- wir phasesaresmall. However,the relatedpartial
amplitudemodulesat not too high W aredeterminedby the Born diagrams(dueto the threshold
conditions).Therefore,onemaysaythat, in accordancewith ideasof presentlow energyphysics,
the Born approximationshoulddescribethesewaveswith a goodaccuracyat W ~ 1 GeV. It is
of interestto elucidateup to what energiessuch a descriptionis valid.

A specialquestionis the behaviourof an isoscalarS-waveamplitudeM°°[143—149] . For the
calculationof theM°°a dispersionapproachwas oftenused.In this approachthe result is ambig-
uous.The ambiguitycan,however,be removedusingcertainnormalizationsfor the amplitude:
at W -a- oo [1461, on the amplitudevalueeitherat W — m~(which is beingunknownnow) [1471,
or at the threshold(usingthe low-energyexpansion(3.30)) [144, 1451.The lastvariant(with
using(3.30)) seemsto us to be mostsuitable.The amplitudeM°°resultingin this casehasa
wide maximumconnectedwith the c-meson.The positionof this maximum(at W < rn

5) signifi-
cantlydiffers from rn5 750MeV (dueto the high c-mesonwidth, —~ 400MeV), andthe value
ofM°°in this maximumcanbe expressedthroughthe parameteri3 from (3.30). At W 400—700
MeV the quantitiesM°°obtainedat the reasonablevaluesof the /3 areof the sameorder of mag-
nitudeasM~°01~.Namely,at W = 600 MeV the ratios(M°°/M~rn)equal1; 2 and3 for j3 = 1/2m~,;
1/m~and—3/2m~,respectively[1441. In order to imagineourselvesthe real significanceof the
S-wavein the cross-sectiondo77..a-,~/dcosOcx (lM~_l

2+ lM~~l2)we list a few numbers:at
0 ~ir andW = 660MeV theamplitude~ coincidespracticallywith M°°and M~÷/M÷.l0.5
for /3 = 1/m~,but the crosssectiondiffers from the Born onevery slightly for ~3= 1/2m~,.

The experimentalinvestigationof the 11 —a- irir reactionpermitsusto answersomequestions
which appearin otherproblemsof low energyphysics.
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Thephysicalproblemsfor the ~ -÷ h reaction

Measured quantity or reaction Studied physical object or investigatedproblem The ee-a- eehcrosssection
(cm

2) to bemeasured

(at~.J~—5—l0GeV)

77 -± n~ir Thresholdtheorems,Born term. l0~~
ir0ir0 PCAC, current algebra. 1035_1036

Two-particle unitarity approximation.
(Rangeof validity.) 10~~—i0~
The number of essentialpartial waves.
mr-phasesandscatteringlengths. 10~~—10—36
Going out of massshell. l035_1036
Thefirst Weinbergsumrule [132, 133].

— e, f, S”, inelasticity. i0~~—lO~’
-+ KK Connection with the trace of energy-momentumtensor.

FESR

~7-a-nmr;n >2 PCAC,chiral Lagrangians. 1036_1037

~ ~O(~) ir°-lifetime. i0~

Triangleanomaly,q2-dependence[157].

~~-+ R Resonanceparameters(c,f,A
2, etc.). 10~—10~

(resonance) Spin of X°,E. i0~—10~’~

FESR, symmetries.
Parametersof A1, etc. ~ l0~

High energy behaviour of Validity of Reggeanalysis.
077(W2) Factorization theorem. 1 0~

Duality.

~~-+ V1 V2 Diffractive excitation of photons.
b~,~j,,q’-uependence. 3 X 1035~l036

(V1 p, oj, ~, ...) q2-depei~aencefor the relativecontributionof diffraction.
Vectoruominance.

TTT = ~ii—°i. P-parity of resonances. 1035_l036
(1.5) Superconvergentsumrule (3.9).

Distribution in transverse Transition from structural particles to pointlike ones. l0~~—10~~
momentum, multiplicity, Short distanceinteraction.
secondariescomposition, Dependenceon large P1 behaviour, on thenatureandmasses
p~-dependences,largep1, of the colliding particles.
q2-dependence Parton model [153].

Inclusive reactions Feynman’sscalinglaw. 1 Q34

77-’softpion+anything (7IVV+AAI7) [1541

the-yy-÷h Shortdistanceinteraction. l0~~—10~~
cross-sectionat large q~ Parton model.

Biocal operator algebra.
Scaleinvariance.
The number of independentvariables in

W
2 > q1q_~~ m2 Super-scaling.

Applicability of Reggeanalysis.

2 q~q~ 2 2 Direct testof scaleinvariance.m ‘~W2’~—y-;IqI)’,m .

1 0 Chargeandspin compositionof partons.

m~ W2 ‘~ Iq~I Relationshipbetweenresonancesandbackgroundatlargeq~.



222 Table 3
The physical problems for the e~e—* 7* —* h reaction

Measured quantity or reaction Studied physical object or investigatedproblems Cross-sectionto be measured(cm
2)

Asymptotic behaviour of the Short distance electromagnetic interaction. 1031
total crosssection Test of pc’intlikeness. s(GeV2)
a(e~e-* 7* -a-h) E °h Composition of partons.

Connection with triangle anomaly.
Characterof renormalizationin QED.

High energy angular and ener- What is shortdistancehadroninteraction? 10~’
gy distributions, multiplicity (Variants: it is inessential,it is scaleinvariant,thermo- s(GeV2)

dynamic,etc.)

fr~ighenergy inclusive reac- Comparison with ep-scattering. 10—32
uons e~e-a- p + ..., Scalinglaw. s(GeV2)
2omparisonof different Light conecommutatoralgebra.
reactions Short distance interaction symmetry.

Electromagneticsplitting ofparticle masses.

e~e-a- R (resonance) Vector mesonparameters(p, w, ~). 1030
Numberof vectormesons(p’ etc.). 1032_1033
Role of resonancesfor °hat 5 —~o°.

Extended VDM.
Role of vectormesonsin stronginteractions.

Final states Decaymodesof vectormesonsand theiroff-shell coupling 1032_1033
constants.
Comparison with pp-annihilation.

Quasi-two-particle final states Contribution to iO~~—iO~
e~e-a- irR, R

1R2 Investigation of A1, B,
(R = w,p, e, A1, ...) Testof SU~(6).

ir,K,p,...-formfactors 2X 1031ats6m~
KK 1 O~ats 8 GeV

2

-4 pP

a(e~e-a- 1(°!(°) Test of short distance SU(3)
a(e~e-+

-+ K~K)
-÷

at large s

e~e~+ 7* -+ ~ + ... Isovector axial andvectorcurrents.
e~e..4 7* ..a- Iris + ... Test of isotensorcurrentabsence[155].
(soft pions)

e~e 7* —~ nir PCAC 10~
n>2

e~e.~ 7*~a-3ir Triangleanomaly. iO~

a(e~e—*7* ~a- + ...) Test of C-invariance [155].
a(e+e~a-~y*~÷p+...)

a(e+e~÷y*.a-K+..)
a(e~e_+ 7* K~+ ...)

e~e—~K~K~at ‘.Js ~ m~, Test of CF-invariance [156].
Correlations in decays
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For example,the observationof interferencequantitiesRe~M.~’_M÷~)andRe(F~Ma-÷)(4.6) near
thresholdpeIn:~ts,in principle,to determinein this rangethe S andP-wavesirir scatteringphases
6~and~ (Re(M.~’_M÷a-)M.~_M~÷cos(~0—62),Re(F~M~~)lF~lM.~a-cos(i~o—6i),M~bareBorn
amplitudeswith helicitiesa, b). FromhereonecandeterminetheS-waveirir scatteringlengths
(as~2/~1-a-0;~1/6O-a-0).

A very interestingfeaturesof irir scatteringis the sharpvariationof S-wavephaseat W ‘-‘ 950
MeV [151] which is interpretedas dueto the influenceof the KK boundstate(S*~resonance
[150]). The investigationof 11-4 irir and71-4 KK in this rangeshouldgive additional informa-
tion on this effect. In this regiononeshould,apparently,find out the 77-a- irir and17-4 KK
amplitudessimultaneouslywith takingaccountof the irir andKK intermediatestatesin theuni-
tarity relation.

An investigationof the71-4 wir and71-4 KK S-waveamplitudeenergydependenceis of inte-
restalsoin connectionwith the determinationof the two-photonwidthsof the � andofthe S~
Thesetwo-photonwidths areobtainedin an independentway with the helpof FESR [76]. From
anotherpoint of view, sucha pieceof formationis essentialfor an approachin which e(andS*)
areconnectedwith thetraceof the momentum-energytensorO~in a brokenscaleinvariance
modelwhere(OIOMI�>= m~F5.For the couplingconstantof� wlth two photonsg577, oneobtains
herethe relation (139, 1521:

a(ea-e _a- 7* -a- h)
l2ir

2F~g
577=R=lim + - + - . (3.37)

s-a-oo a(ee -a-pp)

If onechooses’F~— 150 MeV (F5 400 MeV) andm5 — 700MeV then,accordingto [1521
and(3.37),lt follows that the width for two-photon� decayF~7,1, 0.2R

2keV (cf. fig. 12). This
doesnot contradictthe dataof ref. [2011.

4. Whatcanbe investigatedin ete ~a-e~ehexperimentsandhow

Whenstudyingtwo-photonhadronproductionthe ~~-a- h amplitudesareof main interest.They
areconnectedwith the observedee -a- eehcrosssectionby meansof rathercomplicatedrelations
of the type(1.8).Therelateddifferentialdistributionsareobtainedin section5. Herewe take
themas a basisanddiscusswhatinformationaboutthe ~ —a- h transitioncanbe extractedfrom
colliding beamexperimentsandhow it canbe done.Thecrosssectionestimationsgiven below
showto what degreetheaboveexperimentsarerealistic.

Hadronproductionby two photonswas consideredfor the first time by Primakoff [160] who
suggestedto measurethe ir° life-time in the reaction

7Z -a- Ziro. In 1960 Low [1191 hasdrawn
attentionto the fact that the ir°life-time canbe measuredalsoin e~ecollisions in the reaction
ee-a- eeir°(fig. 1). SimultaneouslyCalogeroandZemach[161] haveconsideredthe two-photon
reactionee -a- eeir~i(.However, theratesinvolved seemedunmeasurableat that time andno
furtherwork was done.

Since1969 in view of theincreaseof acceleratorenergya wide streemof papersdevotedto the
two-photonparticleproductionappeared.In the earlypapersof this generation,productionof irir

The direct determinationof thesequantities through their production crosssectionsis impossible sincee is a very wide resonance
andsinceS* liesnear threshold.
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andKK systems,iT° and7]-mesonswas considered(De CellesandGoehl [162], Arteaga-Romero,
Jaccarini,Kessler,Parisi [1]).

Theseauthorshavepointedout the possibility to studysomeproblemsof hadronphysicsin
theseexperiments.In the papers[2, 163, 71 Balakin,BudnevandGinzburghaveshownthat
from the colliding beamexperimentsonecouldextractinformationon a new fundamentalpro-
cessnamely17 -a- h. They havealso given the necessaryformulasandestimations.Almost simul-
taneouslywith ref. [21 the paperof Brodsky,KinoshitaandTerazawa[31 appeared,in which the
conclusionfor a dominantrole of the two-photonchannelwas madeon the basisof thestudy
of the reactionee -a- eeira-ir within the frameof QED.

Later on similar problemswerewidely discussedby variousauthors,which considereda new
domainof variables(e.g. ChobanandShechter[1641 ,Kunszt [1081, Terazawa[1061) or new
experimentalset-ups(e.g. CarlsonandTung [1431, ChengandWu [181, BaierandFadin [1651,
ChernyakandSerbo [1661), as well as the influenceof someexperimentallimitations (e.g.
Kesslerwith collaborators[161,Slivkov andSchwartzman[171, Brodskyet al. [51)etc.A num-
ber of papersdevotedto 11 -a- h physicshavealsoappeared(cf. section3).

As a resultmany physicistsreachedthe definitepoint of view aboutthe two photonprocesses.
To all appearancescorrectstatementscoexistoftenwith the erroneousonesin the corresponding
literature.*We hopethat the considerationgiven in this sectionwill allow particularlyto dissipate
similarmistakes.

This sectionis intendedto focusthe readersattentionon the resultsonly. Thebasickinematical
informationwhich is necessaryto readthis sectionis containedin sub-section1.6. If the readerwill
desireto retracethe derivationsof the formulasof this sectionhe shouldreadsection5 before
section4.

4.1. Waysof extractinginformationabout the 17 -a- h process

1. An accurateseparationof the two-photonchanneldemandsmeasuringthe momentaof the
scatteredelectrons. In this casethe procedureof extractinginformationaboutthe~7 —a- h transi-
tion is quitesimilar to that usedin experimentson deepinelasticep-scattering.Theparameters
of the hadronsystemon the whole (W2, q~,q~)arefixed in full from the knownelectronmomenta.
Suchan approachseemsvery attractivefrom a theoreticalpoint of view sincehereit is possible
to investigatethe 17 -a- h transitionbothon massshellandfar awayfrom it.

In the consideredset-upthe relations(5.12), (5.13)solvecompletelythe problemof extracting
the informationon the71 -a- h transitionfrom experimentaldata.We shall considerin details in
thenextsub-sectionhow andwhat informationcanbe extractedin someimportantkinematical
domainsin sucha set-up.We follow below, in the main,the papersof Balakin,Budnevand
Ginzburg[2, 7, 1631,wherethis set-uphasbeensuggestedandanalysedin details.(A discussion
of sucha set-upis containedalsoin refs. [143, 164, 1681.)

Note that for the eliminationof backgrounddueto pureelectromagneticprocessessuchas
ee-a- eeyy,ee—a- eee~e,..., oneshouldrecordthe scatteredelectronsin coincidencewith a pro-
ducedhadron.This requirementgives a riseto very complicatedproblemsdueto limited effi-

*Two typical mistakes are wide-spread: 1) For the estimationsone usesoften the wrongequivalent photon spectrafrom [119, 3].

2) The opinion disseminatethat the total crosssection decreasesaslV~inwith rising the threshold Wmin of the recorded effec-
tive hadron mass(cf. [167]). The first of thesemistakesis discussedin details in section6.7, and the secondone in section4.3.
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ciencyof recordingthis hadron,whenthe producedhadronmomentumdistribution is unknown.
At presentsucha problemis solvedonly for theproductionof resonances,which decayinto two
particles [5, 16, 171, andalsofor pion (kaon)pairproduction [5, 161.(Theanalysisof kaon
andpion pair production[5, 16] was madeneglectingstronginteractions.Sucha descriptionis
probablyvalid nearthreshold(cf. sections3.5—6).An extensionof theseresultsto a domainof
largeeffectivemassesW ~ 1 GeV canresult in errors.)

The problemon the efficiencyof hadronrecordingwas not yet discussedin full. We discuss
below (at theendof section4.3) only the effect of the distribution overhadrontranversemo-
mentumwhich is importantat solving this problem.

For studyinginclusive crosssection(e.g.e~e-a- e~eiT+ ...) the problemof the efficiencyof
hadronrecordingbecomeshoweverpurely technical.Hereonecanusethe relation(5.12), (5.13)
andformulasof section4.2 with the trivial substitutionUab -a- dfjab/d3kis.Takinginto accountthe
hadronazimuthalasymmetryonecanusehereKarlsonandTung’s results[1431.

Providedthe electronsandonehadronarerecorded,the only backgroundprocessis thebrems-
strahlunghadronproduction(fig. 27). We discussedit in section4.6(but irrespectivelyof the
problemof the efficiency of hadronrecording).

2. Anotherexperimentalset-upis alsowidely discussedwhereonly hadronmomentsaremea-
sured(like the wide-angleexperimentsof the typediscussedin [91).In theseexperimentsusing
the hadrondistributionsonecandefine,in principle,the on-shell71-4 h helicity amplitudesonly.

In this casefor obtaininganycompleteinformationon the 11 -a- h transition,in ea-e collisions
it is necessaryto measurethe momentaof all the producedhadrons.(This is difficult becauseof
the neutralhadronsandthoseemittedat smallangles.)Therefore,it is usefulhereto know the
specific featuresof the two-photonmechanism.

For theproductionof an arbitraryhadronsystemin the two-photonchannel,the distribution
in the total transversemomentumk

1 is verydistinctive.At k~< m~it hasthe form (5.31)
(dk~/k~)lnk~.(If onehadronis not recorded,thenthe distributionin thetotal transversemomen-
tum of the visible hadronswhich areleft becomesmoresmooth.)Thisallows oneto test there-
cordingefficiencyof the entirehadronsystemproducedandits two-photonorigin.

The two-photonparticlepairproductionis characterizedalsoby a sharpdistribution(5.46) in
the non-coplanarityangle i~i(betweenk11 and—k21)

d~i / E\ me
dacx-_—-ln~çti_~~Jat—~i<l. (4.1)

i,li \ me! E

The sharpnessof this distributionhasalreadybeenusedfor the identification of two-photonpro-
ductionof e~epairs [9] and~ pairs [11]. In this experimentalset-upan investigationof the
ir andK pair productionat not very largevaluesof their summaryeffectivemassW ~ 1 GeV
seemsthe mostrealistic.In thenextsub-sectionwe discuss,what informationcanbe extracted
from suchexperiments.

The backgroundproblemfor colliding ee beamsshouldbe solvedin a similar way as in the
previousexperimentalset-up.In the colliding ea-e beamsthe separationfrom the annihilation
channelmaymakegood useof the recordof the presenceof thoughonescatteredelectron.At
the sametime,evenratherroughenergymeasurementfor bothscatteredelectronspermitsto
control the absenceof hadronswhich would be not-recordedin the given event.
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4.2. Whatcanbe measuredandhow

1. In sucha set-up,whenthe momentaof thescatteredelectronsare measured,equations(1 .8)
or (5.12),(5.13) solvecompletelythe problemof extractinginformationon 11 -a- h transitionfrom
theexperimentaldata.Measuringthe angularandenergydistributionsof theseelectronsby means
of (1.8) or (5.12)onecan, in principle,find six11 -a- h amplitudesUTT, ~ 0ST~~ TTT, TTSde-
pendingon W2, q~,andq~.*The coefficientspith of (1.8) in front of thesefunctionsdependonly
on the electronmomentaandin this sensearecompletelydefinedby (5.13). In a numberof re-
gionsof importancetheserelationsaresimplified andbecomemoreclear.

A. The main contributionto the crosssectionis given by the regionof small anglesof electron
scattering0, (theseelectronscanbe extractede.g.by meansof a magneticfield in the interaction
domain).From(5.12), (5. 13) atm~~ lq~I -~ W2 with the accuracylimited only by
lq~l/W2~ 0~s/W2weobtain [2] (seenotationsin fig. 21)

da = 2 (E2+ E~)(E2+ E~) Gexp . (4 2)

dE
1dE2d~21d~22\87r2 / E

4(E—E
1)(E-—E2)sin

2 ~0~sin2~ 0~ 77+ h’

h = + ~
2UTS + ~lUST + ~1~2(Uss + ~ TTTcos

2~p)— ~ ~

In this approximation

W2 = 4(E — E
1)(E— E2), q~ —4EE,sin

2~O~

- 2EE, ~
4E../k~E(E+Ei)(E+E2) (43

- E
2 + E~’ - (E2+ E~)(E2+ E~) - )

Here p is the (azimuthal)anglebetweentheelectronscatteringplanes.
It is seenfrom herethatonecanfind TTT andTTS measuringtheazimuthalasymmetryof the

scatteredelectrons.To measureUab separatelyit is necessaryto studythe dependenceof ~ h

on ~. In the main regionF E~~‘ w,, wherethequantities~ arecloseto 1, onecan measure
only a combination~TT + a-~+ crsT~F~

A similar studyof theregionof deepvirtuality for bothphotonslq~l‘~— W2 ‘~ s hasbeencarried
out by ChobanandShechter[1641.

B. If the scatteringangleof oneof the electrons(e.g. of thesecondone)is very small, thenthe
informationonly on realphotoncollision with the virtual onecanbe extracted[1, 1631.Sucha
set-upis indeedmorenaturalwhenthe energiesof bothscatteredelectronsandscatteringangle
of the first electronareall measured.(Thescatteringangleof thesecondelectronwhich is inside
the interval02 ~ ~ m,~/Eis not measured.)The correspondingcrosssectionobtainedwith
accuracy~? max~lq~lW2(0~EE

2)m
2ln1(E20~m~2)}hasthe form

*From polarized electron experimentsone can, in principle, define theremaining two functions and ij.
5 by meansof (5.12),

(5.1 3a). However, suchmeasurementsaxe hardly possiblein the near future, since in the main region coveredby the kinematic
variable the coefficientsA andB (5.1 3a) appearingin front of rTT and arevery small. After azimuthalaveragingtheir relative
valuesareof order of m~/s(in comparison with that in front of OTT). The terms in A andB connectedwith the azimuthal asym-
metry in the main region are also small. But in the region of very small Iq~I where such termsare of order of 1, measuring the azi-

muthalasymmetryis doubtful.
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‘4

/ / k1 = Ie~,

p1= IL, ~ q2 1w2,q2) p2= (E1 — p1)

q1=(w1,q1) e

1r~O2

Fig. 21.The kinematicsof the two-photon particle production for colliding eke-beams.

do a (F
2 ÷E~)N(E

2, Om)

dE1dE2dcosO1 4irE
2(E — E

1)(E — E2)sin2~01(°TT + ~1°sT); (4.4)

arE
2+E~ EE

2Om E21
N(E2,O )—l ln —--—I; EE2O .i~m

2.me(E—E
2) EJ m f~

It is seenfrom this relationthat, in this set-up,only
0TT and0ST atq~= 0 canbe determined.~

C. If bothscatteringanglesaresmall, theninformationonly on the realphotoninteraction
canbe extracted(i.e. on the W2 dependenceof ~ on massshell). It is necessarythento record
all the electronsscatteredwithin the angularrange01,2 ‘~ ~ m,jE. It is sufficient to measure
the energiesF

1, E2 of theseelectronsbut their scatteringangles0 1’2 themselvesareunnecessary
to measure.Thenandwith the relativeinaccuracyEE1O~[m~ln(E

20~/m~)]1we have

do ______________

dE
1dE2 = (E — E1)(E— E2) N(E1, Om)N(E2,Om)OTT(W

2). (4.5)

In such a set-uponecan, in particular,investigatethe C-evenresonanceswith spin J~ 1. The
positionof the maximumandthe width of the do/dW2curvegive the value(2J+ 1 )F77 (cf.
(3.24)).The resonancespin canbe found from (4.13) if 077..a-R and~ areknown, as well as
from the detailsof the angulardistribution(Budnev,Slivkov [120]). Measuringthe signof the
quantityTTT shouldallow the determinationof theresonanceparity (cf. (3.8)) [50].

*For this set-upa term “deep inelastic scattering of electron on the photon target” [115] wassuggestedin a number of papers.

We note that in the above papersthe wrongspectrumN(E
2, Om)is used(for details seesection6.7).
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D. More detailedinformation canbe extractedby measuringboth the distributionof theelec-
tronsandthat of the producedhadrons(not necessaryall). CarlsonandTung [1431 haveobtained
the differentialdistribution for aninclusivereactionwith oneor two detectedhadrons.This dis-
tribution do involves 20 independentcombinationsof thehelicity amplitudesM,~~b~MabT..
When averagingover azimuthaldirectionsthe do hasthe sameform as (5.1 2); the do involves6
termsT, with a—b= a’—b’. The azimuthalasymmetryof theproducedhadronsis dueto the 14
restT, (with a—b � a’—b’). Thus,measuringthecorrespondingcrosssectionswith the helpof
theseformulas,onecan find not only thedifferential crosssectionsbut also densitymatrix ele-
mentsfor thegiven ~y -a- h channel.

2. In a set-upwherehadron momentaonly aremeasuredthe pion(kaon)pair productionwas
the only caseinvestigatedin details.*The two photonorigin of thesehadronsmaybe testedby
an inherentsharpdistributionover the total transversemomentumk1 or acoplanarityanglei/i (be-
tweenthe hadronproductionplanes).

We considerhereseparatelythreeregionsfor the total transversemomentumof the pionpair,
namely:a) k~> X

2 b) k~~ m~,c) m~~ k~< X2.(Here A2 is aspecificparameterfor thevaria-
tion of amplitudesMab as a functionof t andq~.)

In a first casethe dependenceof the amplitudesMab on q,~cannotbe neglected.It is essential
sincethe crosssectionda/d3k

1d
3k

2is expressedin termsof integralsoverq~of the amplitudesMar,
multiplied by nontrivial weight functions(pr’). Therefore,extractinginterestinginformation on
the transition11 —a- irir in this region is ratherdifficult to sayat least.

Using ChengandWu’s [18] formulasonecan, in principle,find ~ andMa-_ andthe relative
phaseof M~a-andM~_on the massshell in the rangek~~ m~.However,the measurementof such
a smallk1 is a complicatedexperimentalproblem.Oneshouldmeasurethe pion momentawith
veryhigh accuracysothat the correspondinginaccuracy~k~1is rather lessthanme.

More informationon the amplitudesMae, can be extractedfrom the range(mew,/E)
2~ k~-~ A2

which gives the main contributionto the crosssection.In this rangethe pion differentialdistri-
bution do/d3k

1d
3k~dependson six combinationsof threehelicity amplitudesMab andon thepion

form factorF~(5.40). If the pion momentaaremeasuredratheraccurately,thestudyof the
angularandenergycorrelationsbetweenpions allows,in principle,to extractfrom experiment
all the six combinations(Cernyak;Serbo[1661)** by meansof (5.40)

~(IM~~I2+ IM~j2)x du
77.÷~~/dt; Re(M*÷Ma-÷); IM+J

2
(4.6)

Re[(M*+M
0a- +M*_Mo)/i.~/T~T]; Re(F~M~÷); Re(F~M÷_).

The measurementof the first threequantitiesallowsto extractthe moduleandrelativephase
of the on-shellamplitudesM~a-andM~.The fourth combinationdescribesthe relativevalueof
amplitudeswith scalarphotonparticipatingas comparedto thosewith apurely transversephoton.
A measurementof the chargeasymmetryamongpionsallows to extractthelast two combinations,
i.e. the relativephasesF~andamplitudesMa-k andMa-. (IF~I is foundfrom experimentin theanni-
hilation channel).
*For calibration of hadronic eventsit is useful together with the hadron production to measurealso in the sameset up the ~i~p

pair production (the related formulas for the ~‘~s pair production are givenin sections5.5—6 and appendix E.
**A relativeorderof theneglectedtermsin (5.40) is —~k~/?~

2.The accuracy of defining the first two combinations (4.6) isof the
sameorderandfor therest theaccuracyis not worsethan--k

1/X, (A ~ mn).
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As it was discussedin section3.6 for awide rangeof W ~ 1 GeV while describingthe77 -a- irir

processonecanrestricthimself to the approximationof two-particleunitarity (3.36). In thisap-
proximationthe phasesof the partial amplitudesof the77 -a- irir and7* ~a-~rirprocessesareequal
to thoseof irir-scattering.Sincethe form factorF~dependsonly on W2, the phaseanalysisof the
two latterquantitiesin (4.6) is simpler thanthat of the first four ones.For example,thequantity
IM~÷Icos(~~—~

1)canbe definedfrom the relation

fRe(FM÷÷)P1(cosO)dcos0~IF~I~IM~+Icos(~~—51). (4.7)

HereMa-’a- is a partial amplitudewith momentumJ, and~ is the relatedirir phase(we remindthat
unlike the irir-amplitudes,the amplitudesM~a-with J> 2, arenot small to all appearanceswhen
comparedtoM~°÷andthis alreadyat W

2�~5m~[1431). At thresholdvaluesof W themeasure-
mentof the interferencecontributionsRe(Ma-*l+Ma-_) andof Re(F~Ma-~)permitsto find directly the
phases~o—62andSo—~,i.e. the irir scatteringlengths.

All the combinations(4.6) exceptthe first one(proportionalto the crosssectionfor realun-
polarizedphotonscatteringda

77/dt)areincludedinto the crosssection(5.40)with factorsde-
pendingon the azimuthalanglex (betweenk1 andk11—k21).Therefore,it is necessaryfor their
determinationto measurepion momentak,1 with error~k11,essentiallysmallerthank1. Other-
wise,an effectiveaveragingoveranglex (as in (5.45a))takesplace:

2a
2 da

77.a-~~ ____ d
3k

1d
3k

2
(do)~ ir

4k2 dt [gi(ln
2~2 — i) +g2] ~1~2

e (4.8)

/ � \2 ~ ~ w
2 \2 / ~ 2 W2 / �

g
1 U ——~ ÷Ll —— g2= i—i ——---11÷—————\ 2E/

4\E s I ‘ \2E/ 2s \ 2E 2s

(it is necessaryto put k
11= —k21 in dcj77/dt).In sucha caseonecandefineonly do77...~IrIr/dt.

In the dominantrangek11 m~a measurementaccuracyfor the pion momentsof 2%gives
an error 3 MeV/c. It meansthat the combinationswhich appearin (4.6),exceptdo77/dt,
canbe measuredin the rangek1 ~ 10—15 MeV/c only.

4.3. Estimatesof the measurablecrosssections

Discussingthe feasibility of measurementsfor oneor an otherquantity,it is usefulto have
valuesfor the relatedcrosssections.Herehighly roughestimatesaresufficient andonly that can
bemadewhenonehasonly verypreliminaryinformation on the two-photonamplitudes.

The crosssectionsfor productionof somehadronsystemsareplottedin figs. 22—23.
Let usgive someestimationsfor~f~=7 GeV. In accordancewith (4.12) for the investigation

of the W
2 dependenceof aa,.~at W2 = 5 GeV2 it is necessaryto measurethe crosssectionswhich

havethe following orderof magnitude(cf.~(3.5—6)):

1 Ø34cm2 for ~ —a- h
&Tee_~.eeh (4.9)

1 Ø35 cm2 for 77a-p°p°.
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iJee~eeR (cm
2)

- ee—~ee~’(X)O((

~ 2E = Is 1GeV)

Fig. 22. Cross-sectionsfor two-photon resonanceproduction, e~e—~e±eR,calculatedby meansof eq. (4.13).Here the next
valuesof two-photon widths rYYwereused: a) for is°-averageworld data [69] ; b) for the X°-productB(X° 17)~’max,where
B(X° -a- 7’y)is the known branching ratio of 77 decayand rmax is the maximal instrumental value of the total width [69] ; c) for
other resonancesi’ç17= a2p, which is often the averagevalueof different theoretical estimations.The ee-+ ee1r~ircrosssectionis

calculatedby meansof QED [4] (Born approximation).

Estimatingthe possibilityof a measurementfor the dependenceof 0TT o~W2 andq~one
shouldkeepin mind that eachof the integrationsoverq~gives a largefactor ln(m~s/m~W2)15.
No such an integrationtakesplacewhile measuringthe crosssectiondependenceon q~andthe
correspondingfactor is replacedby ~ i.e. in this casewithin the averaginginterval

4, crosssectionswhich are30 timesless,haveto be measured(we do not takeinto ac-
countherethe changeof 0TT while leavingthe massshell). Thus,to measurethe dependenceof
the71-4 h crosssectionon W2 andq~oneshouldmeasurecrosssectionswhich havethe following
orderof magnitude:

(3 X 10~~cm2 Iq~I < m2
~-; W2> 2 GeV2. (4.9b)ee-a-eeh tl0~’~cm2 ~q~/q~ W2 ~ q~

More detailedestimationscanbe obtainedwith the helpof the equationsdiscussedbelow.
Therethe measurablecrosssectionis expressedin termsof the‘yy -a- h Crosssectionswhich are
thequantitiesof interest.For particularestimationsit is necessaryto usea definiteassumption
on these71 -a- h crosssections,e.g.oneof thosediscussedin section3; e.g.,for the

77-a- ~

transitionnearthreshold(W —

2mw) onecanusethe QED resultand,for resonanceproduction
equation(3.24).
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Fig. 23. The ee-a- eehcross-sections.a) The total ee -a- eehcrosssection,asa sumof contributionsee-a- eeir~1r,ee -+ eeS*,ee-+ eef,
ee-a- eeA

2and of curve b. b, c) The ee —~eehcrosssectionscalculatedfor the077.a- h O~.pO7p/C7pp= n
2/3m~andat

W~in= (3mm)2 (b) or = 1 GeV2 (c).

1. Theset-up,in which the momentaof thescatteredelectronsare measured.
A. Let usdiscussfirstly the questionof finding the on massshell crosssectionu

77(W
2)andthe

role of experimentallimitations in thiscaseas well:

0~~ 0~< I; E
1 ~ Em; (w~ = E~Em). (4.10)

Undertheseconditionsthe measurablecrosssectionhasthe form~*

*For obtaining this equation it is sufficient to usethe equivalentphoton expression(cf. (5.26)):

do = o~t(W2)~J~,fN(w1)N = dL~)l; (4.lla)

N(wi)rr~[(1 _~+~l)ln max— (i ~“)(~_!~i~)].
qimin qzmax

Here

qimin m~.~/E(E—o.,1); q,~max imn{m~E(E—~~)e~}. (4.llb)

The limits of integration over w~in (4.1la) aredetermined eitherby the experimental limitations or — if no such limitations
exist — by conditionsc~,<E and q~min~ i.e.

max{o4’~in;W
2/4c~?2max}~ <min{~4’~ax;w2/4~2mjfl;~}. (4.llc)

The expression obtained for thecrosssectionda/dW2 (asingle integral) hasthe high accuracyi~ E2O~[m~ln(m~s/m~W2 )] l.

Graphs for thesecrosssectionsfor some particular valuesof theparameters W, 0m’ °.‘minandrare given in refs. [16, 17, 5].
For estimationsof experimentalfeasibilities lessaccuracyis sufficient. In particular, with logarithmic accuracyeq. (4.11) is

reducedto (4.12).
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do /a 2 u77(W
2)ri sE20~ \2 j~ s W2 \ / W2 \~1

= ~) w2 L~’~’W2m~ — 1) ~W2’ 4w2)3~ ~ -I’

~(x, ~)= (1 ÷1~2l - 2 + ~l - + f (1 - -~). (4.12)

The inaccuracyof this expressionis limited to r~‘-= [ln(s20~/W2m~)] ~. (For ~ 7 GeV this inac-
curacybecomeslessthan0.1 alreadyat 0m ~ 10) This expressionis correctfor EOm< m,, and
W2 < 4EWmin. If W2 ~ 4EWmin, thenin (4.12)

1 \2 1
~x,y)f(x) (l+~) lnx_~(l __)(3÷~. (4.l2a)

\ 2x x\ xl

If EOm > m,~thenin (4.12)

E20~—a-m~. (4.12b)

In particular,a resonanceproductioncrosssectionis obtainedfrom (4.12)after substitutionof

077—eR accordingto (3.24) [1201:

8a2[’~~~ sm~ 2 / / 5
0ee-a-eeR=(2J+ 1) ~ [~ln 2 2 —1) f(~)_ln~) j . (4.13)mR mRme mR mR

Let us notethat suchan approximationis not valid for the�-mesonproductionsince1~—~ m
5.

Under the limitations (4.10) an effectivehadronmassW cannotbe lessthan~ If W only
slightly exceeds2w~or W is closeto \/s, the accessiblephase-spacevolume is smallandthe
limitation on the electronenergyleadsto smallcrosssections.

Equation(4.12) showsusthatwhenleavingthe thresholdregion W — 2w~the main depen-
denceon W hasrheform do ~ [a77(W

2)1W21dW2. If a
77(W

2)decreasesas W2 increasesthequantity
= f’ax (dUee.÷eeu/(114~2)~4/2is~determinedby the valueof the lower bound: ~a -~ a2o

77(W~~~).
Sucha mm dependencetakesplace,e.g.for ea-e or p~jftwo-photonproduction,when

~ If a77(W
2)chang~sweaklyas W2 increasesthen/~a a2o~7rln(W~ax/W~nin).The

samedependenceon the regionboundsshouldtakeplacefor hadronproductionas G77.~h ~a-const.
when W2 -a- oo• (Therefore,theoftencitedstatement[16711thatwith increasing~ thetotal
observedee -a- eehcrosssectionshouldfall as 1/W~r,is incorrect.)In particular,fig. 23 shows
that the crosssectionscalculatedat different~ arebroughttogetheras s increases.For
example,at ‘.,/~“ 20 GeV the ratio z~a(W~mm = 0.16GeV2)/~a(W~mjn= 4 GeV2) is markedly
smallerthanthe ratio W~mmn/l4’~mm 25. In particular,the asymptoticalbehaviourof the
ee—a- eehcrosssectionwhich dependson Wmjn canbe obtainedafterthe substitutionof the
asymptoticvalue077 = 07p07p/flpp a2/3m~into (4.12) [7]

4 2 2 6
— a sm~ / 5 SnIp

Gee-~ eeh — ~8ir2m~ln m~W~
1~~ln W2~~0)ln m~W~~0 (4.14)

B. An estimationoffeasibilityof measuring077 dependingon W
2 andq~at q~ 0. Underthe

limitations(4.10) for theenergiesof bothelectronsandthe emissionangleof the secondelectron
we havefrom (4.2):
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~a’~dq~dW2 ~‘s W2 \ ~/s W2 \ r E20~
0 1

doi—i--—- — p1— io +y~i— — icr iln — ii
\irJ q~ W

2 \W2 4w~
1~J \W

2 4W~nifl! L W2m~ J

~(x,y)~’ (
1+-L)1ny_ j/~(l _-~-)(2+-~~~-)+2’_(l_-~). (4.15)

x x y 2x 4x y

Theaccuracyof this expressionis the sameas thatof (4. 1 2).
C. The possibilityof measuringthe 77-crosssectionsasafunctionof W,q~andq~canbe es-

timatedwith the help of the distributionda/dW
2dq~dq~,obtainedby Bonneau,Gourdinand

Martin [1701 for arbitraryvaluesofq~and W2.
In the importantrangefor this purpose,m~~ Iq~I< W2, onecanuse(4.2) in which it is neces-

saryto switch to newvariablesdpdq~dq~dW2dw
1 andto perform thetrivial integrationsover p

andw1. In theotherregionof interest, W
2 ~ Iq~I~ s, the measurablecrosssectionsareverysmall.

A correspondingestimatehasbeenfoundby Kunzst [1081:

a2 dq~dq~dW2 (q~+q~)2 /
du 12— . (\ln )[o +...]. (4.16)

IT~ q~q~ [(q~—q~)2— 2W2(q~+ q~)]3/2 2Iq~+ q~I IT

2. Theset-upin which themomentaof theproducedhadronsonly are measured.
A. Forpair productiondetail estimationscanbe obtainedwith the helpof eq. (4.8).We shall

give only a simpleestimatefor the crosssectionfor productionof relativistic particlesemittedat
largeangles0, -~ ~ir with respectto the beam(7T~0min ~ 0i ~ 0min)~It canbe easilyobtained
from (5.47)

d0ee~eeA
1A2 (a)

2dw2(~— 0mmn)2 (ln~)2do
77~AlA2(W

2, t = — ~W2)/dt. (4.17)

In order to estimatethe pion pair productioncrosssectionat not large W, the Born approximation
for da

77.~A1A2/dt (E.6) canbe used.It gives ~cr -~ 5 X 10~cm
2at W = 0.4 GeV, ~/1~= 7 GeV,

0mm ~ir and~W2/W2 = 0.1.
B. For the

77-a- 3ir transition nearthreshold,the estimationsof the measurablecrosssection
arefulifilled in refs. [1711. (Thebackgrounddueto 17 decayis also discussedthere.)

3. In theset-up,in which the momentaof the scatteredelectronsaremeasured,the separation
from the backgroundrequiresthat onealsorecordat leastonehadron.To understandwhich re-
strictionsare dueto thisrequirementit is usefulto know the characterofthe hadrondistribution
in transversemomentumk11 p1~

A. If the recordedelectronsarescatteredat smallangle(77 -a- h transitionon massshell) the
momentaof thephotonsandof the colliding electronsarepracticallycollinear.Thereforethe ob-
serveddistributionin p~is thesameas in the c.m.s.of the photons,i.e. it doesnot actually fall
practicallyup to pj 300MeV/c. Indeed,at W -~ 1—2 GeV, particleproductionshouldtake
placemainlyvia resonancesR (with mR = W). Sincethe resonancedecayis quasi-isotropicin’
its restframe,the distribunonof the producedpionsin p~doesnot fall up to p1 -~ ~W— ~W. At
tiigher W diffractive photonexcitation(i.e. processesof the type77 -a- p°p°)shouldplay an essen-
tial role.Sincethe decayof suchproducedvectormesonsin their restframeis quasi-isotropicthe
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Fig. 24. Theannihilation hadronproduction.

distribution in p~shouldnot fall herealsoup to p1 -~ ~~ (At this point thephotonscattering
processescanmarkedlydistinguishitself from otherhadroncollisions in which the distribution
in p~falls fromp~= 0.)

B. Let only one final electronbe recordedat not too smallangle. In this casein orderto get
the distribution in p~oneneedsalsoto takeinto accountthe transversemovementof thewhole
77-systemwith momentumq11 + q21 (togetherwith the aboveconsidereddistributionoverp1
in the 77-system,which itself dependson q~).A similarcontributionis consideredin ref. [153].

C. Let usnotethat in order to get the total distributionin p~for an inclusive set-upsuchas
e~e-a- ir ÷..., it is necessaryto takeinto accountall contributionspointedout abovetogether
with thatof bremsstrahlungproduction(fig. 27).The estimation[172] reachedfor sucha set-up
hasonly oneof thesecontributionsandis underestimated.

4.4. Theannihilation hadronproductionand its role in processesofhigherorder in a

1. For not too highenergiesof thee~ebeamshadronsarepracticallyproducedonly in the
processwith the leastorderin a i.e. annihilation(fig. 24). The energydependenceof this crosssec-
tion is plottedin fig. 12. Somefeaturesof thisprocessarediscussedin sections3.1 and3.3.

Let usnow comparebriefly the annihilationchannelof hadronproductionandthe two-photon
one.If the aboveestimationsarevalid for the two-photonchannel,thenfor the presentgenera-
tion of acceleratorswith colliding e~e beams(seetable 1) thecrosssectionsfor hadronproduction
in the two-photonandin the annihilationchannelsdiffer lessthanin oneorderof magnitude.*

The angulardistributionfor hadronsproducedin thee~eannihilation is closeto the isotropic
oneandtheir summaryeffectivemassW equals\/s. In contrastto this, for the two-photonproduc-
tion of hadronsthe W is usuallysmallerthan\/5, and thebeamdirection is preferablein theiran-
gulardistribution.

It is just that differencein the differentialdistributionthat allows oneto concludethat the
two-photoncontributionis relatively small (but noticeable)for the crosssection,which hasbeen
measuredin CEA-SPEARexperiments[67, 2031 (namely,onerecord theeventonly wheremore
thantwo particlesareemittedwith largeangles,non-coplanarpaironly aretakeninto account,etc.).

The actualrole of the two-photonchannelwill be understoodonly in resultof measurementin-
cludingthe recordingof electronsor onein ee collisions.

*Up to 1973 one assumedthat the °e~e—~ h differs little from the e’~e-a- crosssectionfor s> 1 GeV
2. On this basisone

madetheconclusion that the two-photon channelof the hadronproduction would dominate alreadyat ~Js4—6 GeV. The
recent CEA-SPEARdata [67, 203] have shownthat the crosssectionof the annihilation production has a different behaviour.
This facthas forcedto withdraw our conclusionabout the dominant role of the two-photon production in the mentioned energy
range.
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h

Fig. 25.

2. The samehadronsystemcanbe producedin someother processeswith higherorder in a
(figs. 25—27).The crosssectionsof theseprocessesarefound theoretically,if the crosssection
for annihilationproductionat lower energiesis known. Therefore,their studywill not give new
informationon hadronproductionby photons.However,they mustsometimesbe takeninto ac-
countin interpretinghadronproductionexperiments.

The following estimationsarevalid for ‘.~/s~ 10 GeV if the 0h will not increaseessentiallyin
this range.*

A. The processof fig. 25 is a radiativecorrectionto the annihilationhadronproductionprocess.
Thisprocesshasbeendiscussedin a numberof papers(see,e.g. [172]). Its specific featureis an
exactrelationfor the total momentum1k I andthe effectivemassW of the hadronsystem:
21k = ‘~/~1 — W2/s).For this process

dUe+e~_*
7h=° (~+,!i’~ñn±.— ~ ~(H~ (4.18)

dW
2 ir \ s2 !\ m~ / s—W2

This equationshowsuswhatdomainsmight give the relatively largecontributionto the total
crosssectionof hadronproduction:a) The domainW ‘~ ~ where0e~e’-eh isvery large(e.g.

~ 1mb for ~/s= 3 GeV). Thecontributionfrom this domaindecreasesass~whens in-
creases.b) The domainW2 -~ s, wheredUe+e~_~

7h 1 nb dW
2/(s—W2)for s.,/~ 3—10 GeV.

Let usnote that the singularityof eq. (4.18)at W2 -a- s is the usualinfrareddivergencedueto
soft photonemission.This singularitydisappearsin the total crosssectionof hadronproduction
aftersummingthecontributionof the processin fig. 25 with the contributionsof theotherradiative
correctionsto the diagramin fig. 24 for the processe~e-a- Ii. (In this calculationoneshould
write thee~e—a- 7h crosssectionfor W2 s with higheraccuracythanin (4.18).)The measurable
radiativecorrectiondependson the experimentalset-up,but it is comparativelysmall (a few per
cent).

B. Thecrosssectionof the processin fig. 26 is verysmall.The processin fig. 27 is discussedin
section4.6.

Thenextradiativederivativesof the aboveprocessesdo not generatenew effects,sinceelectro-
magneticinteractionprovideno mechanismsleadingto the powergrowth of anycrosssections
with energies,andcorrectionsof orderalnE or evenof orderaln(E/me)ln(E/m,r)arenegligibly
small.

*We shall make the most natural hypothesisthat at s-a- the °hfalls down asr’. If such a behaviour will take place,the cross

sectionsof the processesin fIgs. 25and 26 fall down in a similar manner with a subsequentincreaseof s. In this casea relative con-
tribution of all annihilation processeswill quickly decrease.



236 I’M. Budnev etal., The two-photonparticleproduction mechanism

~

Fig. 26. Fig. 27. Thebremsstrahlungparticleproduction.

4.5. ~ -a- h reactionstudyin theotherregions. The ea-e beams

I,Jp to nowwe haveonly investigatedin detail the mostimportantcaseof two-photonproduc-
tion. It correspondsto the schemeof fig. 21, and to the regionwhereq~2< 0. Suchreactions
canbe studiedboth in e~eandee collisions.

However,onecan, in principle,studythe ~7 -a- h transitionin othervariationregionsof q~.The
correspondingproposals[105, 174, 1751 can in principle be realizedin ea-e collisionsonly. Un-
fortunately,the crosssectionsfor therelevantreactionsarevery small.

1. In papers[174, 1751 it was pointedout that a studyof theprocessof fig. 28 permit to ex-
tract informationon the11 -a- h reactionin the region

sq~ > W~ q~=0. (4.19)

Thecrosssectionfor this processis not verysmall in that regionwhereannihilationvia vector
mesonproductionis observed,i.e. atVs m~[1 741.Herethe crosssectionis expressedin
termsof thewidths for the radiativedecaysof the vectormesons.Conversalyjust the same
widths can be foundwhile studyingthis process.Estimatesfor therelatedcrosssectionsaregiven
in [1741. In this processonecanalso studyS-waveirir-scattering [1751.

It is naturalto expectthatwith energiesextendingbeyondthe resonantregion,the behaviour
of the crosssectionfor the processof fig. 28 will be like that for one-photonannihilation.This
processis eitherpart of the one-photonannihilationprocessesor is describedby associatedradia-
tion in annihilationhadronproduction.Therefore,ats -a- °° oneexoects

a
3

~28 ~ —lns. (4.20)
5

The diagramsof figs. 28 and 25 describethe sameprocesse~e-a- 1 + h. However, in a total cross
sectiondenotedby

0exp, the contributionsof thesediagramsdo not interfere,sincethe hadron
systemswhich arerespectivelyproducedhavedifferentC-parity. At the sametime, the crosssec-
tion 025 for the processof fig. 25 is completelycalculatedusingthe knownannihilationproduc-

Fig. 28.
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sJ~h

Fig. 29. Fig. 30. The two-photon annihilation production.

tion crosssection.Therefore,cJ25 canbe simply subtractedfrom 0exp, in order to obtainthe in-
terestingcrosssectionfor the processof fig. 28.

2. In thepaper[105] it was suggestedto usethe processof fig. 29 for extractinginformation

on the reaction77-a- h in the region:

s—q~>W
2,q~ q~>0. (4.21)

A studyof this processat largevaluesof q~and W2 permitsto testdirectly thepredictionsof the
light conebilocal operatoralgebraor thehypothesisof scaleinvariance(cf. section3.3). One
shouldnotethat

dcr
24 ~ ~—lns~2 (4.22)

q2

In ref. [105] the b ckgroundproblemsfor thisreactionarealsodiscussed.

3. At last, for studyingthe -y~y-a- h processor the propertiesof producedC-evenhadronsystem
onecan, in principle,useexperimentson two-photonannihilationinto hadrons(fig. 30). In par-
ticular, the intdrferenceof the two-photonannihilationtermsin the regionof the f-mesonleads
to a marked(—10%) chargeasymmetryin ir~ir-production.[1761.,

The otservablecrosssectionfor theprocessof fig. 30 is expressedvia amplitudesfor the77 -a- h

transition,which areintegratedovera wide rangeof photonmassesq~andtransferredmomenta
compatiblewith a given valueW

2= s = 4E2. Therefore,it is impossibleto extractfrom herea direct
informationon the

77-a- h transition;specialmodelassumptionsarenecessaryfor this*. On the
otherhand, theprocessof fig. 30 interferesstronglywith thatof fig. 26. The hadronsystemspro-
ducedin theseprocesseshaveidenticalquantumnumbersandevensimilarangulardistributions.
Onemayexpectthat the crosssectionfor thesepr&essesis of orderof (a

4/s)ln3s.

4.6.Thebackgroundproblemsin two-photonhadronproduction

1. A physicalprocessby meansof which onecanstudythe 17-4 h transitionis the process
e~e-a- e~eh.It is, therefore,necessaryto know, first of all, how to separateout in this process
the interestingcontributionof the two-photonmechanismof fig. 21 from theother oneswhich

*In this connectionit should benoted also thatthecrosssectionof this reactionis not connecteddirectly with the 77-elasticam-

plitude sincehere it is necessaryalso.to take into account the cutsat q~>4m~in the planesof the massvariablesq~.
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Fig. 31.

arerepresentedin figs. 27 and31. Thisbecomessimpler dueto the fact that,for this reaction,the
two-photonmechanismis dominant.In fact, the relevantcontributionto the crosssectionincreases
logarithmically with increasingenergy.Annihilation diagramcontributionsandcrossing-diagram
contributionsfor this process(fig. 31) rapidly decreaseswith increasings (as~1)~

Bremsstrahlungproduction(fig. 27) contributionis the mostimportantone:Thisprocessis
discussedin detail in refs. [173].

Below we list, mainly, their results.
A. Due to the differencein C-parity for the producedhadronsystems,the interferenceof the

two-photonandbremsstrahlungmechanismsleadsonly to a hadronchargeasymmetry.The contri-
bution of this interferenceto the total crosssectionvanishes.As a result,thecontributionof the
two-photonmechanismto the ee -a- eehcrosssectioncanbe obtainedsubtractingfrom theexperi-
mentalcrosssectionthe relatively smallcrosssectionfor bremsstrahlungproduction.Thelatter is
calculatedusingthe knowncrosssectionfor one-photonannihilationat smallerenergies.

The contributionof the bremsstrahlungproductionto the crosssectionincreaseswith increasing
s. However,this contributionis markedlylessthanthe two-photononeandits relativevaluede-
creaseswith increasings. Moreover,the differentialdistributionsfor thesechannelsareverydif-
ferent. Due to this difference,in particular,the bremsstrahlungcontributionis negligibly small in
the main domainsfor the two-photonproductionandfor set-upsconsideredby us.

B. The crosssectionof the bremsstrahlungproductionfor W2 ~ s hasthe simpleform

02 dW2 14/2 ~2
do

21= ~(~~)0e+~~_~h(W) -~- ln —i- ln W
3me (4.23)

Comparingeqs.(4.23)and (5.28),onecanseethat this crosssectiondoesnot top by 10% the
two-photonone(at W ‘�‘ m~.m~,mv,). For W m~at presentenergiesa bremsstrahlungcontribu-
tion maybe dominant.(Thisvery W2-domaingives the main contributionto the crosssectionof
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the bremsstrahlungproduction;Gee_peep 0.6 nb for ~ = 5 GeV. A total contributionof the rest
domainis very small.)

C. Themain contributionto the crosssectionof the bremsstrahlungproductioncorresponds,
in contrastto the two-photonproduction,to the casewhenoneof the electronsscattersalmost
backwards,but theother scattersforwardat a smallangle.Thenbothscatteredelectronsmove
alongoneof the beams,buthadronsmovein the oppositedirection.Their distributionin the
total longitudinalmomentumhasasharppeakfor k5 ~Vs,do27~ dk5/[V5÷(W2/V5)_2.s/~k~+W2)].
In particular,the largeanglebremsstrahlungproductionis very suppressed.

D. The aboveconclusionsabout the relativevalueof the bremsstrahlungareconservedif, e.g.
m~< q~I < W

2 andan integrationoverq~havebeenperformed.If m~-~ Iq~I, Iq~I < W2 the
bremsstrahlungcontributionis verysuppressed.At the sametime accordingto ref. [1771 the
bremsstrahlungcontributionis dominantat Iq~I ~ W2.

2. Experimentalset-ups.In practice,andalmostas a rule, all the particlescannotbe recorded.
Nevertheless,onecanseparatethe two-photonchannelof hadronproductioneitherdetectingthe
ee-a- eehreaction(set-upA), or separatingdirectly the two-photonchannelfrom the background
dueto all reactionswith hadronproduction(set-upB).

A. If in measuringoneor two scatteredelectronsarerecorded,all the annihilationprocesses
areseparatedautomatically.To separatepureelectromagneticprocessessuchas ee-a- eee~e;
ee—a- ee-yy,...whosecrosssectionsarevery large(e.g.(dGee_,.ee

7,yIdW
2) a4/W2m~)oneshould

alsorecordat leastoneproducedhadron[7].
B. While studyingtwo-photonproductionin a set-upwhenonly the producedhadronsarere-

corded,the backgroundis dueto theannihilationchannels.(In ee-beamsthis sourceof back-
groundis absent.)To separateout thetwo-photonchannelin sucha set-upat not too high ener-
giessomespecific featuresof this channelcanbe used(e.g. the sharpnessof the distributionin k

1,
or — for pair production— in thenoncoplanarityangle~i, cf. section4.1).

Let usnotethat in suchan experimentalset-uponeshouldremindthe processesin figs. 25 and
27. Theircontributionsmaybeexcludedusingsucha fact that an essentialpart of the correspond-
ing crosssectionsis connectedwith a large(k5 ‘~~-—.,/s) longitudinalmomentumof the whole
hadronsystem.

5. Kinematics and differential distributions for two-photon particle production

We haveconsideredabovea wide rangeof physicalproblemsconnectedwith two-photonpar-
ticle production.In this sectionwe shall give asystematicalderivationof the two mainlyused
formulas(1.8), (5.12), (5.40)andalsosomeusefulequations.

With this aim in mind, crosssectionfor two-photonproduction(fig. 32) is written in sucha
form as to extractexplicitly the contributionof the (virtual) 7*7* .+ f transitionand thoseof
the 1 -a- 1+ 7* and 2 -a- 2’ + ~ vertices.For the 7*7* .a- f amplitudeswegive a kinematicanalysis
usingLorentzandgaugeinvarianceonly. As aresult we write the crosssectionas a sumof a
rathersmallnumberof termseveryoneof which is simply theproductof one77-a- f invariant
function andof the correspondingvertexcontributions.Sucha representationallowsoneto apply
theobtainedformulasto a widenumberof two-photonprocesses,which differ from eachother
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sH~’

Fig. 32. The two-photon particle production. The colliding particles with momentaP1 andP2 changethesemomentato p’
1 and

p’2 while interacting,and emit virtual photons with momenta qj pj—p,(q~< 0). Thesecolliding photonsproducethe finite
particle systemf, whosemomentum is k ~1k1= +q~and effective massis W =.~~Jk

2.

eitherby the kind of colliding particlesusedor by the natureof the producedsystemf. Theseex-
pressionsareconvenientboth for theextractionof informationon the7’)’ -a- f processandfor the
calculationof the crosssection,whenthe 17 —a- f amplitudesareknown.Additionally, sucha re-
presentationis the basisfor obtainingvariousapproximationsandestimatingtheir accuracy.One
of theseapproximationsis the equivalentphotonapproximation,which is obtainedin section5.3.

The crosssectionfor two-photonproductioncan beexpressedin termsof theMMV amplitudes
for the77-a- f transitionas follows (seenotationsin fig. 32 andin section 1.6):

do = (47l.a)2 P?~~ (2ir)b(q
1 +q2 — k)dF d

3p~d3p~ (5.1)q~q2~ 1 2 4{(P1P2)2 — m~m~}1~’2i2Ei2E
2(27r)6~

HereP1,2 arethe momentaof the colliding particles,q. = p1 — p are themomentaof thevirtual
photons,k ~1k1 q1 + q2 is the totalmomentumof the producedsystemf with massW = Vk

2
and thephase-spacevolume is dF H~d3k

1/2e1(2ir)
3.The matrix p. correspondsto the vertex i.

Thismatrix hasthe meaningof an (unnormalized)densitymatrix for thevirtual photon,generated
by the ith particle.For electronbeamswe have*

1 q?qq (2p
1 —q1)~(2p1— q1)l

3

= 2(—q~)5~1~’+ m
5)’Y~Cr

3~+ m~)71~]= _(g~13— _-~_)_- q
1~ . (5.2)

Let usnote that this matrixis non-diagonal,i.e. the virtual photonsarepolarized.
Below we considerin detailtwo differentsortsof distribution:a) oneis over the momentaof

scatteredparticles;b) theotheris over the momentaof the particlesof the producedsystemf.
As a rule, all the considerationsin this sectionconcernanyprocesseswith two-photonproduc-

tion. However,somedefinite formulasarewritten for the caseof e~ecollisions.For thedescrip-
tion of two-photonproductionin collision with otherparticlesit is sufficient to replacetheex-
pressionsp, (5.2) andthe spectra(5.18), (5.23)which appearin theseformulasby the correspond-
ing onesgiven in appendixD.

*The factor 1/ (—q~)in p~is introduced for convenience,sincein virtue ofcurrent conservationat —a- 0 one has
(
2p~—qj)I.~(2pj_qi)1.LM*i1PM1.LVoq~.
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5.1. Kinematicsofvirtual 77forwardscattering [163, 77, 7]

After integratingoverthe phase—spacevolumeof the producedparticlesf, the result (5.1) will
include thequantity

WM’~”,I~’= ~ + q2 — k)dr. (5.3)

Accordingto the optical theoremthequantity W’~’~”~ is the absorptivepart of the 77-forward
amplitude,connectedwith the crosssectionin the usualway. (The expressionof this amplitudein
termsof the electromagneticcurrentsis given in (3.16).)

In the expansionof W12’m)’,!~into the invariant functionsoneshouldtakeinto accountLorentz
invariance,T-invariance(symmetryin thesubstitution~m’~’ jw) andgaugeinvarianceas well, i.e.

q~WM’1”~P~’= q~’WM’~~’~l.w= q°~W~”~”’= q~°’WM’~”~~= 0.

The tensorsin which WM’ i)’, M ~‘ is expandedcanbe constructedin termsof vectorsq1, q2 andthe
tensorg~.In order to take evidentlyinto accountthegaugeinvarianceit is convenientto use
their linear combinations:

= — q1 (qiq2)]; Q2 = — q2 (q1q2)] ; (5.4)

R”~= Rpa —g°~+ X’ [(q1q2)(q’~q~÷q~q~)— q~q~q~— q~q~q
1~]. (5.5)

HereX/W2 is the squareof thephotonthree-momentumin the 77-c.m.s.

X (q
1q2)

2—- ~ = ~ EW~— 2W2(q~+ q~)+ (q~— q~)2]. (5.6)

The unit vectorsQ, areorthogonalto the vectorsq, andthe symmetricaltensorRap is orthogonal
both to q

1 andq2, i.e. to Q1 andQ2:

q1Q1 = q2Q2= 0; q7RdlP = Q~RaP= 0; Q~ 1; R~R’~= 2; RaPRP7= —R~.

We note,that Rap is a metric tensorof a subspacewhich is orthogonalto q1 an4q2.In the c.m.s.
of the photons,only two componentsof Rap are different from 0 (RXX = ~ = +1).

Thechoiceof independenttensorsin which the expansionis carriedout, hasahigh degreeof
arbitrariness.We makethis choicesothat thesetensorsareorthogonalto eachother, andthe in-
variantfunctionshavea simplephysicalinterpretation:

~ = R’~’R°°’W.I.T + R’~”Q~Q~’WTS +

+ ~ + ~[R’~’R’~’~’+RMV’RM’V — RMM’R~”1W~ (5.7)

_[RMPQl~”Q~’+ R’~”Q’t’Q~÷(~wa-a- j.t’~’)] W~5

+ [RI~Rl~’0’— R~””R~’~]WTT — [R’~Q’j~’Q~— R’~~’Q’~’Q~+ (‘iv a-a- ji’v’)] W.~5.

The dimensionlessinvariant functionsWab definedheredependonly on the invariants
W

2= (q
1 + q2)

2, q~and q~.Theseinvariant functionsaresimply connectedwith the 77-helicityam-
plitudesin the77 c.m.s.(the choiceof chaseis given in appendixC). The first four functionsare
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expressedthroughthe crosssections0ab (a, b S for scalarphotons,anda,b T for transverse
photons).The amplitudesW~bcorrespondto transitionswith spin-flip for eachof thephotons
with total helicity conservation.The last two amplitudesareantisymmetric

WTI = 2~’Xa
11= -~-(W+÷a-a- + W+,+_);

W1~=2VXUTS= W~0a-s,
1~1ST=2VXu~

1= W0a-0a-;

~ = 2VXu~~= W0000 W~1= 2v’~rIT= ~ (5.8)

W~= 2VXr~ = ~(W~a-00+ W0÷,_0);

W.~T= 2VYr~.1= ~(Wa-÷a-a- — W÷÷J;

W~ 2Vi~6~ ~(W++00— W0a-~0);

(lA)

2 2 2\ — (lA)2 2 2q
1, q2, — GST~ , q2, q1

For theprocess7’)’ —a- ea-e (or 11 -a- p
4~.r)the correspondingamplitudesaregiven in appendixF.

The quantitiesOTT and‘rTI can alsobeexpressedthroughthe crosssectionsfor the scattering
of photonswith parallel (u~~)andorthogonal(cr~)linear polarization[1701:

OTT 2(011 +Uj); III 0101. (5.10)

Sincethe WI2’v’1~~tensoris regularatq~-a- 0 and thevectorsQ, aresingularatq~-a- 0, nearthe
massshell (at q~-a- 0) the crosssectionsof scalarphotonscatteringvanish.Here0TT andTTT are
transformedinto the correspondingquantitiesfor real photoprocesses.In particular,atq~= 0,
OTT coincideswith the crosssection077 of the71 -a- f transitionfor real non-polarizedphotons.
As aresult wehaveat q,~—a- 0

crIT(W, q~,q~)-a- cj
77(W

2); rTT(W2,q~,q~)-a-

a
5~cxq~q~ TTS°\/~’~T. (5.11)

Let usnotethat, from thepositivenessof the 11 cross-sectionat arbitraryphotonpolarization,
someinequalitiesbetweenthe invariant functions(5.8), follow, e.g. ITTT I ~
2(rT5)

2~2USSGTT +GTsfJST [170, 178].
The connectionwith helicity amplitudesin the t-channelandthe Reggeanalysisfor forward

77-amplitudearegiven in [771.

5.2. Momentumdistributionof the scatteredparticles

The momentumdistributionof the scatteredparticlesp andp~follows from (5.1) after inte-
grationover the phasespacevolumeof the systemf (see(5.3)). The differentialcrosssectionis
thenexpressedin termsof crosssections0ab andof the amplitudesTab for the 77 -a- f transition
(5.7—8).Substitutingthe expansion(5.7) into (5.1) andsummingover j.m, v, ,u’, z-” we obtainthe
equation(1.8):
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a2 r (q1q2)
2 — q~q~i1~~2 ++ a-a-

do 4 2 2 I 2 2 2 I [4P
1 P2

0TT
l6ir q

1q2 L(P1P2) —m1m2J

+ 2Ip~p’~IrTTcos2~÷2p~p~°oT5+ 2p?°p~asT

d
3

+p?°p°~°crss— 8Ip~°p~°IrTScos~+Ar.~T+Br~,s] E
1E2 2 (5.12)

Here~ is theanglebetweenthe scatteringplanesof the colliding particlesin thephotonc.m.s.
The quantitiesp~”arethe convolutionsof the matricesp7~with the coefficientof the expansion
(5.7)*. All thesequantitiesareexpressedin termsof the measurablemomentap, andp~only and
to that extent are completelyknown. In particular, when using the expressionfor p~Pin (5.2),we
obtainfor e~ecollisions:

2p~= = PcsliRaP= X’(2p1q2— q1q2)
2 + 1 + 4m~/q~

p~O= p~PQ~QI~= X1(2p
1q2— q1q2)

2 — 1;

8Ip~°p°Icos~= 4X’(2p
1q2—q1q2)(2p2q1— q1q2)C[q~q~Y”

2 (5.13)

C = (2p~— qi)a(2p
2— q2)~R°~= —(2p~— q1)(2p2— q2) + X~(q1q2)(2p1q2 — q1q2)(2p2q1— q1q2);

2Ipp~Icos2~= — 2(p~
4— 1)(~~a-— 1);

= Ip1~b(la-a- 2)1; ,y~ — ~ p~0~v’(p?°+ l)Ip~l; A B0.

If the initial electronsarepolarized,thenin (5.2) the term —2i(m
5/q~)e~~q7n~is added.Now n.

is the electronpolarizationvector.With this usedin (5.12)and(5.13) thecoefficientsA and B
only (in front of the antisymmetricamplitudes)change

A = — (Q1n1)(Q2n2); B = q~in~R°~PnP~ (5.13a)

(in the dominant region of phasespacethesecoefficientsare small).
Both quantities in (5.13)and the 77-systemparametersare simplyexpressedin termsof the

energiesE. andangles0, of the scatteredelectronsandof the angle~pbetweentheir scattering
planesin the colliding electronsc.m.s..This impliesthe relations(forE1 ~ me):

q,
2 = —4EE~sin2~ — q~~ q~mjn = m~c~/EE,; = E—E

1 (5.14)

W
2= (q

1 + q2)
2 = 4w

1w2 — 2E1E2(1 — cosO1cos02— sinO1sin02cosip);

2p1q2= 4Ew2 — q~ 2p2q1= 4Ew1 — q~.

The expressions(5.12—5.14)have been obtained in [2, 163, 7] and, later, by many other
authors also [143,164,168,1701.

The momentumdistribution of the electronsand of one or two of the producedparticles is de-

*It is easyto test (cf. (B.3),(C.2), (C.9)), that the matricesp?b aredensitymatrices of virtual photonsin the‘y.y-helicity basis.

The exactexpressionsfor cos is given in (A.4).
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scribedby morecomplexexpressionsthan(5.12), (5.13). Theycontain20 independenthelicity
amplitudes[1431.

We notein conclusionthat the quantitiesw~,E andcos~pareeasilywritten in covariantform
(cf. appendixA). The covariantexpansionof the vectorsq, in termsof the vectorsP’ andP2 and
in the planeorthogonalto Pi andP2 is usefulhereq, = a1p2 ÷f31p1 + q~~q11p1 = qjp2 = 0. Then

w~—q1(p1+p2)/~s; q~1<0; cos~p=—(q11q2j)R/q~1q~1. (5.15a)

(If, in the c.m.s.of the colliding particlesonedirectstheZ-axis alongavectorP~= P2, then
q11 = (0,q.1, 0) = (0, q,~,q•~,0)). In termsof theseinvariants,the phasespacevolumeelementof-
the scatteredparticleshasthe form

,-13 ‘p1 P2 __________ 2

_______= 2 2 2 d(—q1)d(—q2)dw1dw2d~p. (15.15b)E1E2
2[(PIP2) —m

1m21

5.3.Approximateformulasin the regionofsmallscatteringangles.Estimationsfor crosssections
from below

The formulaswritten in the previoussectioncompletelydescribethe momentumdistribution
of the scatteredparticles.It is of specialinterestto considerin detail the regionof smallelectron
scatteringangles(i.e. andsmall “masses”of the photons)which gives thedominantcontribution
to the crosssection.Herethe expressionsfor the crosssectionandthe kinematicalrelationsare
essentiallysimplified. In this region thecontributionsof the scalarphotonscanbeneglectedin
virtue of (5.11),and in thequantities2\/XGTT and2v’XTTT,onecanput q,~= 0, i.e. one can
replacethem by W

2o
77and W

2r
77:*

2 2 3’ 3’fa “~ W ++ ++ +- +- dp1dp2
da ~ sq~q~[

4íi
1 P2 077+21401ui1 Ir77cos2~] E1E2 (5.16)

If Iq~I ~ W
2, thenthe kinematicrelationships(5.14)andthe expressionsfor the densitymatrix

elements(5.13)aresimplifiedtoo. In particular,the anglesbetweenthe electronscatteringplanes
in the c.m.s.of the photons,~, andin thatof colliding electron,40, coincide:

W24w
1w2’2iJX;

m
2w~

= ‘ +q~. ; q~. (5.17)1 — (w~/E) 1mm 1mm E(E — w~)

2E(E— w~)(1 1.

If we now introducesuitablenotations(with properaccountof the phase-spacevolumetrans-
formation(5. 1 Sb))

*The regionof validity of this approximation is discussedindetailbelow.
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~ —q’~ 0 q~

Fig. 33. The spectrumequivalent photons producedby electronsversusq
2 and versusq~(w is fixed),

~_ad(—q2)dw [1 “~‘+ w2
‘~‘r 1q21 ~ [ E ~2 E2q2

dn.= -~—p~a-w
1dw~d(—q~)a ~ d(—q~)[(i — °-‘ — — ~ q~mjn1- (5.18)

2ir E
2Iq~I w, Iq~I \ E 2E2! E / q~ J

~ p~a-—l

P~.+

thenthe differentialcrosssection(5.16) is rewrittenin the form

do = (077 +
1~2r77cos2p)dn1dn2dp/2ir. (5.19)

The expressions(5.18—5.19)are the essenceof the equivalentphotonsapproximationfor the
two-photonproduction, whichis written herein a Lorentz covariantform (cf. (5.15)).According
to the terminologyof this methoddn1 is thenumberof equivalentphotons,or thephotonspec-
trum (the dependenceof this spectrumon q,

2 andq,~
1is given in fig. 33), and~ aretheir polariza-

tions.
Besidesthe crosssectionfor non-polarizedphotonscattering077 the equation(5.19) contains

the interferenceterm r77. Its appearanceis dueto the polarizationof the virtualphotons.With
azimuthalaveragingthis additional term disappearsandweobtain

(da)~= a77dn1dn2. (5.20)

Theaccuracyof the approximation(5.18—5.20).The sourcesof errorsin the aboveapproxima-
tion and their relativevaluesarelisted in table4. Let usexplainthis table.

When writing the approximateexpressions(5.17),quantities~ Iq~11W
2 wereomitted and,

hence,theseexpressionsarecorrectfor lq~I < W2. For Iq~I > W2 the quantitiesp~”decreaseas
l/q~whenq~increases.

An othersourceof inaccuracyis dueto our approximating(~.12)as (5.16),i.e. our neglecting
contributionsfrom scalarphotonsandtheq2-dependencein ~ I andTT T~Since all p” are of the same
order, therelativevalueof the neglectedtermsin aboveapproximation,is definedonly by quanti-
ties of the typecJST/UTTand [ci~~(q~,q~)— GTT(O, 0)]/°TT(°’ 0).
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Table 4
The sourcesof inaccuracyfor theapproximation(5.18—5.20).For Iq~t>A~thequantities°ab
andTab decreaseasa powerwith —q~increasing.For Iq~I> W

2 the quantities~ asa
power.For mostprocessesunderconsiderationtheinequalityA

7 ~ W is valid.

Sourceof inaccuracy Relativevalueof inaccuracy

Neglectionof the scalarphotoncontributions ~ q~I/A~at Iq~I<A

Neglectionof theq~-dependencein °T~FandTTT ~ Iq~I/A~at q~I<Ag.

Theapproximatekinematicalrelations(5.17) ~ Iq~I/W
2at Iq~I< W2

For the process7’)’ -a- la-1 (1 e, p) the quantities0ab andTab aregivenin appendixE. These
expressionsshowthat the quantities0TT andTTT decreasewith increasingq~.Deviationsof these
quantitiesat I q~I ~ W2 from their massshellvalues 077 and areof the orderof q~/W2at small
W — m

1. Herethe ratiosUST/OTT, fITS/OTT, 055/OTT areof the sameorder.At Iq~I~‘ W
2 the

quantities0ab andTab decreasewith increasing—q2accordingto a powerlaw. Thus,a valueof
the crosssectionsfor scalarphotonscatteringandthe variationof the crosssections0TT andTTT

aredeterminedby the samespecificscaleA
7 W.*

For the71 -a- h transitiontherearepresentlyno detailedexperimentaldata.The studyof the
hadronform factorsandof the crosssectionsfor -y’~’pscatteringshows,that the specificscalefor
the variationsof thesequantitieswhenq

2 varies, is of the orderof m~.It is thennaturalto expect
that for the77-a- h transitionsthequantityA

7 m~,at least,at W � m~.
For the processesconsideredwe haveas a result,

fIST/OTT, OTS/OTT, ass/OTT, T15/u11~ Iq~I/A~,; (5.21)

OTT(W, q~,q~)= o77(W
2)[1 + O(q~/A~,)]

TTT(W, q~,q~)= T
77(W

2)[ 1 + O(q~/A~)].

A
7’-~m~for yy-a-h (atW>m~); (5.22)

A7 W for yy -a- la-l (at W m,).

To obtaina distribution in photonfrequencies,i.e. over the scatteredparticleenergiesone
should integrate(5.18) over—q~up to someq~max,that gives [161**

dn1 N(w~)dw1/w~

2 q
2 q2.

N(w.)~-[(l —~+~-‘~lnlmax (1 ~
1~(’l — mmmnfi (5.23a)

iT L\ E 2E
21 q~mjn \ E /\ q~max!J

In themain logarithmicapproximationonehas:

dw, ~ dw
1 q~max ~ dw, E

2q~~
5~

~ —ln 2 —in 2 2 (5.23b)
~ ~, q,rn~ ~r w. w.m1

*At W ~‘ mj thescalesappearto bedifferent.This caseis consideredin detailsin section6.8.
**To avoid misunderstandingswe note someinconsequencein notations: = min(—q~); q~rnin~ —q~~ q~rnax
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Note, that in this approximationthe form of the spectrumdoesnot dependon the typeof par-
ticle producingthe virtual photon.

The upperlimit q~maxfor the integrationregionscanbe definedby the experimentalconditions,
e.g., the limitation in the emissionangleof the electrons0, ~ O~.If EE1O~< A~.,then

= EE~O~.At Iq~I~ A~,,the main q
2-dependencein do (5.12) is a logarithmic one:dq~/q~.

After theintegrationoverq,~the termstakeninto accountareof theorderfdq2/q2—

~ but the neglectedtermsareof the order (seetable4) dq2/A~— ~ There-
fore, the accuracyof the approximationis

2
‘lmax

~ . (5.24a)

If the experimentalconditionsaresuchthat, for example,EE
1O~> A~.or, if we are interested

in the total crosssectionfor the process,then the decreaseof
0ab andTab at Iq~I> A~,andof p~’

at lq~I> W2 leadsto an effectivecut off of the integralonq~in (5.12)at Iq~I> M,. This allows
to limit oneselfto the integrationof the approximateexpressions(5.18—5.20)from ~ to

= A~..The accuracyof the approximationhereappearsto be logarithmic:

TI ‘~-~[ln(A~/q~~j~)J1 . (5.24b)

The aboveestimationsof the accuracyshow how to obtainsimpleandreliableestimationsfor
the crosssectionfrom below.Suchestimationsareespeciallyusefulfor the understandingof the
feasibility of new experiments.The equation(5.24) showsthat thecontributionof the region
Iq12 ~ q~

5~< A~,,ratheraccuratelycomputed,gives a reliableestimationfor the crosssection.
This is an estimationfrom below,sincethe restof the regionof the q

2-variableobviouslygivesa
positiveaddition.If ~ decreasesthe calculatedvalue of the crosssectiondecreasesbut thees-
timationreliability increases.Suchestimationsarethe moreso importantthat, in known casesof
two-photonparticleproduction,the first correctionsto the main logarithmicapproximationare
negative,and,at energiesnowaccessible,theyareof the sameorderas the main term (cf. appendix
F).

For the processpp -a- ppe~esuch anestimationhasbeenobtainedin ref. [241 and for
ee -a- ee~t~Cin ref. [179]. For two-photonhadronproductionin colliding beams,similar estima-
tions from belowaregiven in section4.3.

5.4. Totalfour-momentumdistribution for theproducedsystem

Momentumdistributionsfor the scatteredparticles(5.12—5.16)areeasilytransformedinto
thoseover the total four-momentaof theproducedsystemk = q

1 + q2. Themain contributionto
the crosssectionis given by the regionof smallscatteringangles,consideredabove.

Then we shallusethe obtainedapproximateformulasfor crosssectionstogetherwith the sim-
plified kinematicalrelations(5.16—5.20).The expressionsobtainedbelowdescribeactualdistri-
bution with a goodaccuracy.We stressthat,without taking into accounttheq~-dependenceof
0ab’ aprecisedescriptionis just impossible.

In the c.m.s.of the colliding particleswechoosethez-axisalong Pi —P2. The energyof the
producedsystemis simply the sumof thephotonenergies,w~+ w

2 the transversemomentum
k1 = q1 ~ + q21, andthe longitudinalmomentum(in the sameapproximationas in (5.17)) is equal
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to thephotonfrequencydifference:

e = w~+ W
2 = w1 W2 = ~(e±

1~)~ (5.25)

Using theserelationsthe w
1 ,2 -distributions(5.20), (5.23) canbe easily transformedinto the

� and W
2(or k

5 and W
2)-distributionsas well as into the � andk~ones[341.

Distribution in the effective mass of the produced system Wfollows from the integrationof
(5.20) and(5.23)over w

1. Boundsfor the latterare definedeitherby the experimentalconditions,
or — if thereareno suchlimitations — by the conditionsw, < E or q~min < q~rnax’i.e.

do = a77(W
2)~-~--fN(wi)N(w

2 = ±~-)~ (5.26)
W 4w1 w1

ex W
2 ex _________ ‘~/q~maxmax w “. ; ~ w~~ mm w P E, E

1 mm 4w 1 max

4~exp m12max 2mm

For electronbeamsoneusuallyhasq~~5~>m~,andin the absenceof experimentallimitations,
Wimax = E. The orderof the (5.26) inaccuracyis determinedby the relation(5.24)(see,also,the
discussionafter (5.24)).

In order to illustrate this point we considerthe main logarithmicapproximationfor e~epair
productionin the collision of chargedparticles[6] . In this caseq~max—~ m~,in the main region

~ E. The spectrumhas~theform (5.23b)N(w1) = (2a/ir)ln(E/w1).Substitutingthis spectrum
into (5.20)andintegratingover w1 from mem2/E to meE/mi,we obtain

(do\ = 2~
2(ZiZ

2)
2üy

7~ee~
2)(ln PSP2 (5.27)

\dW2J~
1~2-÷ Z1Z2e~e 3ir

2W2 \ m
1m~/

Using the knownexpression(E.4) for O77~ee in the integrationover W
2, we get (1.2).

Theotherexampleis hadronproduction in colliding electronbeams.In this caseq~
5~-~ m~,

andthequantityw,/E is not small. Besides,in the largeenergyrange,onehas
ln(s/W

2) ~ ln(m~/m~).Therefore,whencalculatingin themain logarithmic approximationone
shouldfind preciselythe coefficientof the high powerof ln(m~/m~)takingW2/s asa not small
value.With the accuracyn -~ [ln(sm~/W2m~)]-i < 0.1 wehave [7]

~ = (~)2 O77~h [(In ~
2)f(~)_ ~(in -~-~)]; (5.28)

f(x) (~+_L)21~~-j (i _!)(3+~~). (5.29)

Of course,in the coefficientof [ln(s/W
2)1~the contributions—, W2/sareomittedsincethese

termscanbecomeof importanceonly at W2/s~ 1. Thisrelation differs appreciablyfrom the
known resultof Brodskyandothers[3]: do/dW2 — (o2u

77/ir
2W2)Un(s/m~— 1 }2f(s/W2). The ori-

gin of theseauthors’error is discussedin section6.
In two-photonprocessesthe distribution over thetotal transversemomentumk

1 q11 ÷q21 is
veryspecific.Let usconsideras an examplethe distributionin k~, w~,w2 [180] . To obtainit we
rewritethe crosssection(5.16—5.18) in termsof new variables,neglectingfor simplicity the



I’M Budneveta!., The two-photonparticleproductionmechanism 249

terms (w1/E)
2:

do~—(I —~-~(i w~dw
1dw2d

2k
1xf ~ ;(5.30)

ir
4 \ E I \ E / w~w

2 [q~1+ (m1w1/E)
212[(k

1 — q21)
2+ (m

2w2/E)
2]2

cosp
Iq

11I. 1k1 q51
1

The appearanceof T
77 in (5.30) is dueto thevirtual photonpolarization.

Let us first considerthis distributionin the rangek~~‘ (m~w,/E)
2(which gives the main contri-

bution to thea), limiting oneselfby the main logarithmicapproximation.For thesevaluesof k
1

the main contributionsin the integralover q11 aregiven by the two symmetricsub-regions
(m1w1/E)

2~ q~
1~ k~and(m2w2/E)

2~ (k
1 — q11)

2~ k~.In the formeronek
1 — q11 k1 andin

the integrand(5.30) p appearsin cos2mponly. Therefore,averagingoverthe directionsof thevec-
tor q11 in this sub-regionthe term T77 disappearsfrom the result.The integrationoverq~1gives
herea largelogarithm ln(E

2k~/w~m~).Taking into accountboth the sub-regions,we obtain

do = ~- (i — ~ — ~ ~ ~—~a . ln k~(p
1p2) (5.31)

ir
2 \ E !\ El w

5 w2 k~ ~ W
2m

1m2

A specificsharpdistributionin the total transversemomentum(dk~/k~)lnk~is dueto the fact
that a distributionover the “mass”q~of eachphotonhasthe form dq~/q~with very small lower
limit.

At smallvaluesof k1 the coefficientsof 077 andT77 areof the sameorder.In particular,if
k1 = 0, thencos2p= 1, and

do a
2(o

77+ ~ r77)dw1dw2dk~. (5.32)

5.5. Productionofpair. Momentumdistributionof the particlesproducedin e~ecollisions

In this sub-sectionwe shall considerthe momentumdistributionof the pair of producedpar-
ticlesA1A2 averagedover the spin orientationof particlesA1 andA2. Theresult is written in terms
of 7’y —a- A1A2 amplitudes.*The formulasobtaineddescribealsothe multiple productionin an in-
clusiveset-up,thenA1 is oneof the producedparticles,andA2 is a systemcombining all other
producedparticles. -

Let usdenotethe momentum(energy)of a particleA. by symbolsk,(e1).The total energyof
the pair e= e~+ �2 andthe longitudinalmomentumk5 = k1~+ k25 areconnectedwith thephoton
frequenciesby the simpleequation(5.25).

The distributionunderconsiderationcanbe obtainedfrom the equation(5.1) in the same
manneras the approximateequations(5.19).With thequantityT= p~Mp~’M*M’v’Ml.~’we may
go from a summationover the vectorindicesj.tv, 1’V’ to asummationoverthe helicitiesof virtual
photonsa, b = ±1,0,definedin the c.m.s.of thephotonsi.e. T is thenrepresentedas

*In appendix E the valuesof theseamplitudes for e~eor hr-pairproduction and for the 7~-a -m~i( transitionin the Born approxi-

mation (point-like pions)are written out.
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TRpa~apb1bM*,,M Justas before,themain contributionto the crosssectionfor two-photon
productionis given by the region of smallphoton“masses”.In this regionthe contributionsof
scalarphotons (e.g.M~’~M÷~),canbe neglectedin T. In all the remaining71 —a- A1A2 helicity
amplitudes,Mae,, onecanneglecttheq~-dependence.That correspondsto the equivalentphoton
approximation.As a result,

T= 4p~p~{~(IM++I2+ IM~_I
2)— ~

~ +
1~2[M~’a-M~_cos2(~1+ ‘P2) +M~’+M~cos2(~~— ~~)]}. (5.33)

Here ~. = Ip~H/pYis the i-photonpolarization(5.18)and~ is theanglebetweenthe scattering

planeof the ith electronandthatof A1 production

cos~= — q~1(k11 — k21) [i + (~?i±I)] (5.34)
Iq11~~1k11 —k211 lk~1I

The quantitiesM~’lb~Mabdependon the invariantsW
2, q~andt = (q

1 — k1)
2 = (q

2 — k2)
2 only.

As we saidabove,we neglecttheq~dependenceassumingq~= 0 everywhereinMab. Thenthe
dependenceon the smallvariableq

11 is still conserved,since

t = t’~+ 2q~1k~1+ O(q~)= t°~+ 2q21k21+ O(q~); (5 35)

= m~1— (c + k~)(ei— k1~), t~= m~2— (� — k~)(�2+ k2~)= t~+ k1(k11 — k21)

(unlike t the quantitiest~areexpressedonly throughthe measurablemomenta).In accordance
with thespirit of the approximationwe put the quantitiesq11 = 0, i.e. t t~ t°~inM~,.

Let us compare(5.33)with (5.19).The first term in (5.33)refersto the scatteringof non-
polarizedreal photonsandcorrespondsto 077 while the latter refersto T77 in (5.19). In addition
to them,equation(5.33)containsthe threenew termsconnectedwith the interferenceofampli-
tudeswith various helicities.

An integrationover the phase—spacevolumeof thescatteredelectronsis convenientlyper-
formedby meansof the approximaterelationship:

d
3p~d3p~ d2q

1i
______ = . (5.36)

E1E2 2(E - w1)(E - w2)

As a resultthe crosssectionis expressedthroughthequantity T definedby (5.33),which is
regularat q~1-a- 0, in sucha form

da~—____________ Td
2q

1± d
3k

1d
3k

2 (5.37)
s
2 [q~

1+ (m5w1/E)
21[(k

1 — q11)
2÷(m

5w2/E)
2] 2e

12e2(2ir)
6

Let usnow find the distribution in k
1 ,2 in the main logarithmic approximation[180], which

is oftensufficient. The main contributionto the crosssectionis given by the regionof not too
smallk~~‘ (m~w~/E)

2herethe integral(5.37) is cut off atq~
1 k~.Therefore,the main logarithmic

contributionis, as in (5.31),associatedwith the two subregions(m5w1/E)
2~ q~

1~ k~and
(mew2/E)

2-~ (k
1 — q11)

2= q~
1-~ k~. In the former one k1, andthe angle~ coincideswith

thatof integration,while ~2 coincideswith the fixed anglex betweenk1 andk11 — k21 2k11.
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Table S
Thesourcesof inaccuracyfor the approximation(5.37).Here and X~arethe specific scalesof theMab dependenceon and t

respectively,X = min(X~,X
5).

Sourceof inaccuracy Relativevalueof inaccuracy

Approximatekinematicalrelations(5.17),(5.25) ~ q~11W
2 at Iq~I < W2

cos~(5.34) ~ lq
11/k~1Iat Iq~1I < 1k11 I

Neglectionof theq~-dependencein Mab (5.33) ~ lq~I/X~at Iq~I<X~

The approximation fort t~ t~(5.35) inM~, ~ Iq~1k~1/X~I

Neglectionof thescalarphotoncontributions ~$~./—q~/xqat I

Neglectionof theinterferencewith the bremsstrahlungproductionof fig. 27 ~ ..,/~/W at Iq~I< w
2

Therefore,after integrationoverq
11 in bothsubregions,we obtain,with the logarithmicaccuracy

l6ira
2 / w

1 W~\I w2
do (1 ——+——-I(1 ——+-—i~< (5.38)

k~W
4\ E 2E2/ \ F 2E2!

d3k
1d

3k
2

x f~(IM++I
2+IM+I2)(Lj+L

2)—[EiL~Re(M~’+M++)+E2L1Re(M~.M++)]cos2x} 6~

2�12e2(2ir)

In this approximationthe expressionfor the polarizationof the ith photon~ is simplified as com-
paredwith (5.18),and

1-—(w1/E) k~E
2 (k

1(k11 — k21))
2

L.ln ; cos2x2 —1.1—(w,/E)+ (w~/2E2) m~w~ k~(k
11—

Fromeqs. (S.33)—(5.37)onecanobtainthe answerwith moreaccuracythan the logarithmic
one. To be convincedof this fact let usconsiderthe sourcesof inaccuraciesof approximation
(5.33)—(5.37).They arelisted in table5. Table 5 showsthat the main termsneglectedareof the
order—q11/XwhereX is theleast of the two scalesX~andXq which are,generally,different.The
expressions(E.S)showthat this is the casefor leptonpairproductionA

2 — m~+ k~
1.For the

hadronproductionit is naturally to expectthat A � m~.
When integrating(5.37) overq11 the leadingtermsamongthosetakeninto accountareof the

orderfd
2q

11/q~q~-~ (1/k~)ln(k~E
2/m~w

1w2)(we remindthatq~= —[q~1+ (mew ,/E)
2] /(1 — w./E)

andthat the termsneglectedareof theorderof f(q
21/A)d

2q
11/q~q~—. (k1/Ak~)ln(k~E

2/m~w~).
Therefore,the accuracyof the approximationafter integrationcanbe

TI~Ik
1I/A. (5.39)

It is just with suchan accuracythat the differentialcrosssectionfor the pion-pairproduction[181
and for theproductionof an arbitrarysystemof particlesin [169], havebeenfound.Theseresults
containall the five combinationsof the amplitudesMae, in (5.33),andlook verycomplex.In the
main regionk~~ (mew1/E)

2 the result [18, 1691 canbe written in the form
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do = [(l6ircx)2/kfl {f. do
7I~A1A2/dt+ ...}dFA1A2 with coefficientsgiven byf C1L1 + C2L2 + C3,

wherethe C, aredimensionlessquantitiesof the orderof unity andindependentof k1.The quan-
tities C1 andC2 arethe sameas in the logarithmicapproximation(5.38).The greateraccuracyof
the approximations[18, 1691 is dueto nonlogarithmictermsof theC3-type.

Beyondthe equivalent-photonapproximation.Already atrelatively small k1 the differencebe-
tween(5.38) and formulas[18, 1691 is an overshootin accuracy.Really,the terms(k1/A)L1
omittedin writingf at rathersmallk1, arecomparablewith C3. (So, at s/W

2~ 100 andat
10—20 MeV/c for the pion production(k

1/m~)L~“- I C3.)
At the sametime takinginto accountthe main termsof thepreviously omittedonesis here

rathersimple. It permitsoneto increasethe accuracyup to

Ik1I/ k~E2\~ k~
TI—max —tin p - —

A \ m~w~’ A
2

(For the aboveparametersthe relativeerror decreasesfrom —0.15 to 0.02.)Fromtable5 we
seethatonehashereto takeinto accountcorrectionsof the two types.Some.of them (lines 2
and4) arereducesto a translationof argumentsin the results [18, 1691 . The othercorrections
arenewtermshavingamplitudeswith onescalarphoton(line 5) and thoseconnectedwith inter-
ferencebetweenthe two-photondiagramandthe bremsstrahlungdiagramsof fig. 27 (line 6). The
correspondingcalculationhasbeencarriedout in [166], both for scalarparticlepair production,
e.g. iT7T or KK andfor p4~(-pairproduction.The resulthasthe form

do = do~= + + dOinterf

16 2 2 2 d3k 3k

k~W~(i — + ~2) (i — ~+ ~2) (~~=++ ~interf)

2~2(2)6 (5.40)

A contributionof the C-evendiagramof fig. 32 is

= ~(L1 — ~1)(IM~~I
2+ lM+_I2)~~o+ ~(L

2 — ~2)(IM~~I
2÷IM+j2)~ ~

—~
1(L2---l—~2)Re(M~’+M÷÷)~~ cos2xa-— E2(L1—l—~i)Re(M~’+M÷+)~= ~° cos2x

M

+ ~1~2M~+M÷~c054X+(L1~°~— L2E?)lkjIRe(M~+~ +M~ cosx. (5.41)

Herex is the anglebetweenthe vectorsk1 andk1 — k21 and

Ik1l ~ — ~2 ±(k15 — k25) 2 0— l—(w~/2E)

cos2x± cos2x~ 1k11 — k211 ~, + ~2 ± (k15 + k25) sin x cosx; ~ —~2j~/E)(2/2E2)~

For the quantitieswith logarithmictermsL1, thevalueof the argumentt (t? or t°2)is given. For
the restof themthe differencebetweent? or t°~is unessential.(We remindthatatq~-a- 0 thequan-
tityM0~/\/~~~is finite.)

The quantity ~interf is thecontributionfrom the interferenceof the two-photonandof the
bremsstrahlungproduction.This quantitydescribesthe chargedasymmetryin A1A2 emission.For
pions(F,~is thepion form factor)
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r~2Re(FM1++)—Re(F~M+_) — ~ Re(F~M÷~)—Re(FM~_) 1
~interf —irctk1(k11— k21)1 + -— L21.(5.42)

L wi(E — w2) w2(E — w1)

For the~z~f pair production(the particlemassis j.z)

k1(k11—k21)r4~2i~
2+2W2—4kh4~

1.t
2+2W2—4k~

1 1
~. f=

477~f5 I L
2~. (5.43)

inter k~1+ ~2 L wj(E — w2) w2(E — w1)

The “minus” sign correspondsto positron—electronandthe “plus” sign to electron—electron
collision.

The generalizationof the results(5.40—5.43)to theproductionof an arbitrarysystemof
hadronsis reducedto a small increasein the numberof independentcombinationsof helicity
amplitudes.

5.6. Particlepair production.Somespecificfeatures

The formulasof the previoussub-sectionfully describethe differential distributionin thepar-
ticle momentaof theproducedpair in the region which gives the main contributionto the cross.
section.We shalldiscussnow somespecific featuresof this distribution.

Fromeq. (5.38) it is seenthat the angulardistributionof the producedparticlepossesan
azimuthalasymmetry(the termsproportionalto cos

2x). Theappearanceof this asymmetryis
the naturalresultof the fact that the virtualphotonsarepolarized.

In particular,if bothparticlesA
1 andA2 areemittedat large angles01, O~— I, thenw1 w2.

If additionallythe energies�. of theseparticlesarelow in comparisonwith E, thenthe terms
w~/2E

2canbe neglected,i.e. onecanput ~ = ~2 1. The result(5.38) is simplified accordingly

2a2 e do ~ k~sd3k
1d

3k
2

do—~-2-(i _~)-_~---l_p(2)cos2x)ln ~1~2 (5.44)

do77 IM÷~I
2+ IM~_l2 do

77 Re[(M*+ +M÷~)M~~]p(2).zr . (5.45)
dt 32irW

4 dt 32irW4
Here do

77/dtis the 17 -a- A1A2 differentialcrosssectionfor real nonpolarizedphotons,and
p(2)do/dt correspondsto the interferenceof the amplitudeswith the differenceof the total

helicitiesof thephotonsequalto 2.
In the leadingapproximation,thedistribution of the producedparticlesis a chargesymmetric

one.The chargeasymmetrywhich is dueto the interferencebetweenthe two-photonproduction
andthe bremsstrahlungproduction(5.42), is small.

Someparticulardistributionsarealsoquite specific.Theycanbe obtainedby integrating(5.38),
(5.44) over unessentialparameters.The distributionas a functionof the first particlemomentum
1k1 I as well as thatof the angles01 and 02 of bothparticlesof a pair andof the angleof non-co-
planarity 1i (betweenk11 and—k2~)is obtainedafter integrationof (5.38)over 1k2 I. Sincein the
main regionk~1~‘ k~,onehasthento put k11 = —k~everywhere,exceptin the rapidly changing
factors 1 /k~andcos2x~for which wehave

x
2 — 4sin2(~!i/2) 1k

11l — Ik21l
cos2X24.2(~,/2) ; k~k~1[x

2+4sin2(iJi/2)],; x k
11
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It follows that

dIk2I iT dIk2I

‘k~2lk1Isin01sin02Isin(~/2)I’ ‘ k~cos2~0. (5.45a)

Thus,the distributionover 1k1 I, 0~,02, ~L’or someof theseparametersis expressedonly by the
differentialcrosssectionfor thenonpolarizedphotonsdu77/dt[180, 34] in the leadingapproxi-
mation. Substitutingthe latter relationinto (5.38),wehaveatm~/s~ ~p

2-~1 [165, 1811

do = ,~ [(1 — ~2 ~ — w~2~~2mn(ln sk~
1sin

2(~/2) (5.46)
r2 L\ 2E/ ~ \E s / J dt \ m~W2 I

Ik
1 I~sin

2O
5

2 dIk1Id01d02d~4’.
~1~2 sin 02Isln(~/2)I

Note, that the distribution in ~/i is sharp:(di~i/i~i)lni~i.

Also, the distributionin 1k1 I, 01, 02 hasthe form

do~-~—[(~— �~2 ~ ~ 1n_
2~1l35in201 dIk

1IdO1dO2. (5.47)
7r

2 L\ 2E1 \E s 1] dt \ m~/e
1�2sin

20
2

For leptonpairproductionsuch a resulthasbeenobtainedby LandauandLifshitz [61. They
carriedout calculationsin thelaboratorysystemP2 = 0 usingthe variablesCiL = k~p2/m2andk11.
For transformationto the c.m.s.it is sufficient to makea trivial substitution:

d� d� d
2k Ik

1I
3sin2O

1
1L 2L

11-a-2ir . 2 dlk
1ldO1dO2

�1L�2L �1e2sin02
rA~

2,-.._ 2 5.2 1

(me+K11)~ejL+�2L) /�1L�2L 4w
5w2.

The furtherintegrationoverciI. andk11 is alsocontainedin [6] (seealso [182]).

5.7. Photoproductionin theBethe-.Heitler-Primakoffschemeandpossibilityofobservationof the
17-a-h transition

Photoproductionon nuclei(fig. 34) is alsoa widely known mechanismfor the two-photonpro-
ductionof particles.For e’e pair productionsucha mechanismhasbeendiscussedfor the first
time by BetheandHeitler [183]. This processwas observedmany times,in particular,for testing
QED (seereview [1841). Primakoff [160] suggestedto useit to measurethe ir°lifetime. Both the
width of the TI°andthe mostaccuratevalueof the iT° lifetime havebeenobtainedby this method.

The crosssectionof this process,integratedover the phasespacevolumeof the producedsystem,
hasa form similar to (5.12)

a q1q2 [ a-a -00 / Ie~I2 \ 1 d
3P’

~

2q~
1q1P/W

2 p_~+ Ip-;--I. (5.48)
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Fig. 34. The Bethe—Heitler—Primakoffeffect — photoproduction off the Coulomb field of nucleus.The nucleusmomentum isP
(F’), massism~and q~= PF.

Heree is the polarizationvectorof a real photon,pa
2b is the densitymatrix of thevirtual photon,

emittedby the nucleus(seeappendixD), andthe quantities°TT’ 01~sandTTT havein their argu-
mentsq~= 0. For nonpolarizedlight the term containingTTT vanishesin (5.48). Thetotal trans-
versemomentumof the producedsystemof particlesis k1 = q21 —P~.

In the regiongiving the main contributionto the crosssectionlq~I is small. Therefore,with a
goodaccuracyonecan neglect

0T5 andtake0TT andTTT on massshell. In theproductionon a
nucleuswith chargeZe andform factorF onegetsfor non-polarizedphotons

Z2a dW2 q2
21

du—F
2(q~)o

77(W
2)—p- —~--dq~. (5.49)

IT q
2

In the laboratoryframeP = 0 (w1 is the frequencyof theingoingphoton,0 is the nucleusrecoil
angle)

q1P = w1m~ W
2 = 2wiP~ —q~

1= P’
2 q~

1/q~ sin
20; ~ = (W2/2w

1)
2.

The scaleA~,of the cut off of the integraloverq~dueto °~FTcanbe considerablygreaterthan
the scaleA~.of avariationof the nucleusform factor. If the form factor is known up to a value
—q~markedlyexceedingthe valueA~.,thenafter integrating(5.49)overq~we obtaina result
with high accuracy[180]

TI (AF/A
7)

2[1n(4w~A~./W4)]1. (5.50)

In principle,this mechanismcanbe usedin orderto obtaininformationon the17 -a- h transi-
tion [160, 163, 185, 186].But hereadifficulty arisesdueto the separationof thecontribution
of this particularchannelfrom that of usualphotoproduction~offnucleus.Thepossibility of
extractingthe Primakoff-effectcontributionfrom this backgroundis connectedwith smallvalues
k
1 in the two-photonproduction(cf. the specific k1 = q21-distributionin fig. 33). Theobservation

of sucha dependencenearthe maximumrequireseithera measurementof the nucleusrecoil mo-
mentumor a veryexact measurementof the momentaof all the producedparticles.Becauseof
the smallvalueof k1 (i.e. alsothe virtual photonmassq~)the 77-a- h crosssectioncanbe studied
herebut on massshellonly. (Foj~photoproductionon nucleiwith Z ~ 1 the smallvalueof the
effectivevaluesof q~is alsoconnectedwith the cut off dueto the nucleusform factor.)

Let usgive a characteristicvalue.The crosssectionfor the two-photonc-mesonproductionon
xenonat w1 20 to 40 GeVis of theorderof lOpb.

The abovediscussioncanbe extendedto electroproductionoffnucleiwith a smallmodification
only.
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6. The equivalentphotonapproximation(EPA)

The ideaof the equivalentphotonapproximationbelongsto Fermi [l87],who paidattention
to the fact, that the field of a fastchargedparticleis similar to an electromagneticradiation.This
radiationmaybe interpretedas a flux of photonsdistributedwith somedensityn(w) on a fre-
quencyspectrum.Therefore,the electromagneticinteractionof this particle,e.g.with a nucleus
is reducedto the interactionof suchphotonswith the nucleus.Thisthoughthasbeenusedand
developedfor the calculationof the crosssectionof interactionof relativistic chargedparticles
in the papersof Williams andWeizsacker[1 5]. In theseearly papersa semi-classicalapproachwas
usedfor obtainingthe equivalentphotonspectrumn(c~.,).M. andG. Nordheimsetal. [188] have
usedthe old perturbationtheoryfor thatpurpose.In the papersof Dalitz andYennie,Curtis,
D. andP. Kesslers[1891 the sameresultswereobtainedby meansof Feynmandiagrams.However,
the equivalentphotonspectraobtainedin thesepapersmaybe usedfor solving only a small range
of problems.Themost consistentderivationof EPA, with discussionof varioussituations,is given
in the paperof PomeranchukandShmushkevitch[185]. In the paperof Gribovet al. [190] some
calculationsnecessaryfor the derivationof EPA areperformedin a simpleandconsistentlyco-
variantform*. Unfortunately,all thesepapersdo not containa discussionof the applicability
rangeof EPA andof its accuracy.

Thisdefecttakesplacealso in the EPA descriptionavailablein text-books,at leastthoseknown
tous [182].

In the last years,EPA was widely usedto obtainvariouscrosssectionsfor two-photonparticle
production.When solvingthis problemin a numberof papersthe spectrafrom refs. [1891 beyond
their applicability rangeof simply erroneousspectrawereused.On theotherhand,a numberof
incorrect or inaccuratestatementspertainingto the essenceandthe advantagesof EPA weregiven**.

For this reasonwe consideredit to be usefulto derivein detailsEPA in this sectionandto dis-
cussimportanterrorsandinaccuraciesencountedin its use.

6.1. TheessenceofEPA

From the presentpoint of view EPA (Weizsäcker-Williams’method)is in essenceonly a simple
andconveniencemethodfor theapproximatecalculationof Feynmandiagramsfor the collision
of fastchargedparticles.

As an examplewe shall considerinelasticelectronscatteringoff protonin the lowestorder in a.

*The mostdetailedhistory of EPA andits derivation is containedin Kessler’s report [191].
**As an example,we point out a funny incident which happenedwith a formula for the crosssectionfor e~eor ~.m’~Cpair produc-

tion in collision of fast chargedparticles. The correct asymptoticbehaviourof the crosssectionfor this process(1.2) wasob-
tained by Landauand Lifshitz in 1934 [6]. At the sametime this result wasconfirmed in papersby Williams [15] , 3habha
[19] and Racah[12] and it hasbeen included in the text-books (Williams obtainedhis result by meansof EPA). Nevertheless,
just recently two papers [5, 192] were published, in which incorrect formulas for the samecrosssectionwere obtainedby
different methodsand in a review [50] quite a wrong statementwasevenproclaimed, namely that the results of both these
papers coincide with therecent (correct) calculations [193]. This incorrect result wasrepeatedin review [14] also.

Theseerrors aregivenproper attention in refs. [34, 170] (in detailsseesub-section6.7).Nevertheless,recently one more paper
[194] hasappearedwhich concludesthat this discrepancyis due to the fact that the authors with the correct result [6, 170]
“integrate over all electron scatteringangles,rather than just over theregion of validity of the equivalent photon approxima-
tion”, i.e. that the applicability range of EPA givesquite anothervalue for theasymptoticsof this processcompared to both the
correct formula [6] and the incorrect one [5]
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(a) (b)

Fig. 35. Electroproduction and photo-absorption.

The connectionof this processwith photo-absorptionon protonis evident from fig. 35.How-
everin this photo-absorptionamplitude thephotonis off massshellandno longer transversely
polarized. The equivalentphotonapproximationconsistsin ignoringboth thesedeviationsfrom
realphoto-absorption.As a result,the crosssectionfor inelasticelectronscatteringoff protonis
expressedin termsof the crosssectiona7(w) for the absorptionof real photonswith frequency

dOep = u7(w)dn. (6.1)

The quantity dn in this equationis called the equivalentphotonnumberor spectrum.Thede-
pendenceof the spectrumdn on thephotonfrequencyw andits masssquaredq

2 is unambiguously
definedby the form of the e -a- e’7* vertex.

A consistentanalysisof the termsneglectedin going from theaccurateexpressionof thedia-
gramof fig. 3 5a to the approximaterelation (6.1) permitsin a naturalmannerto estimatetheap-
plicability rangeof EPAand its accuracy.Thiscanbe performedin a generalform for everyreac-
tion. In this casethe detailsof the resultdependessentiallyon the characteristicbehaviourmet
whenmovingoff massshell for photoprocessamplitudes.

In mostof thephysically interestingcasessucha parameterA
7 (a dynamicalcut off) existssuch

that,at I q~I <A~,, the photo-absorptioncrosssectionsdiffer only slightly from their valueson
the massshellandquickly decreaseat Iq

2 I > A~..This particularfeaturepermitsoneto useEPA
for the descriptionof the crosssectionsat Iq2 I < Ag,. (Let usnote,that sometimesa cut off on
maybe also dueto the form factorat the 1 —a- l’7 vertex,e.g.,for Coulombprotonscatteringon
nucleus.)

On theotherhand,the 1q2 <A~domaingives the main contributionto the total crosssection,
sincethecontributionof smallq2 is enhancedlogarithmically.

Therefore,the integraloverthe (—q2 < A~)domain,with an approximateexpressionof type
(6.1) as anintegrand,describescorrectly the frequencydistributionand the total crosssection*.
Theaccuracyof the approximationobtainedherecanbe eitherlogarithmicor higher,if thereare
othercut off factors.

Thus,for thepracticaluseof EPA oneshouldelucidatein eachcase,whetherthereis a dynam-
icalcut-off (the A

7-parameter),andestimateit. An essentialadvantageof EPA consistsin thefact
that,whenusingit,~it is sufficient to know the photo-absorptioncrosssectionon the massshell
only. Detailsof its off massshellbehaviorarenot essential.

*The integration of theapproximate expression(6.1)over theentire kinematically allowed q
2.changeregionleads,asa rule, to

erroneousexpressions,sincein this mode of operationthe (1q2 I > A~.)-domainis able to give a large fictitious contribution.
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Note, that thevirtual photonsarepolarized.Thisstipulatesan azimuthalasymmetryfor some
distributions.(An exampleis offeredby the distributionover the scatteredparticlemomentain
the two-photonproduction.)

We shall give thederivationof EPA in termsof the well knownexampleof inelasticep scatter-
ing. Let usnote,that in all approximateformulasgiven belowa smallvaluefor thew/E ratio is
not assumed.The only requirementis put on the ultra-relativisticnatureof a scatteredelectron
(F — w ~- me) andis commonlymade.

6.2. Connectionwith thephoto-absorptioncrosssections

In this sub-sectiona derivationof eq. (6.8) expressingthe crosssectionfor electroproduction
(fig. 35a)in termsof the crosssectionfor virtual photo-absorption(fig. 35b) [1951 is given.

Denotingthe virtualphoto-absorptionamplitudeby M~,averagingover the initial spin states,
andsummingover thefinal ones,we obtain

4ira (2ir)4~(p+P—p’—k)dF d3p’
do = M*VM~PMV . (6.2a)ep (—q2) 4\,/(pP)2 — p2P2 2E’(2iT)3

Here F is a phasespacevolumeof theproducedparticlesystem(with total momentumk), and

______ —I / ~ q’~q~\ (2p_q)M(2p_q)P
= 2 Sp[(p + me)7’~(p+ me)7 I = ~g — 2 ~ — 2 (6.2b)2(—q) q “ q

The pu” quantityis the (non-normalized)densitymatrix of thevirtual photonproducedby an
electron.Let usnote thatthep~is non-diagonal,i.e. thevirtual photonsarepolarized. The ex-
pression(6.2) is written in such aform as to introducenaturally the terminologywhich is suitable
for EPA. Namely,insteadof speakingabouttheep collision (fig. 35a)onemayspeakaboutthe
collision of a virtualphotonwith theproton(fig. 3Sb). Thenthe numberof photonswith a given
polarizationin a given elementd3p’ = d3q of the phasespacevolume is proportionalto thequan-
tity p~d3q/q2.

After integrationover the phasespacevolume F of theproducedsystemof particles,the follow-
ing quantitywill be includedin the result(6.2):

W~= ~fM*PMM(21r)4~(q+ P — k)dF. (6.3)

In accordancewith the optical theorem,W~is the absorptivepart of the7p-forwardamplitude,
connectedwith the crosssectionin theusualway. The tensorsaccordingto which W~is expanded,
canbe constructedonly of the q, Pvectorsandg’~” tensor.In order to takeinto accountexplicitly
gaugeinvarianceq~W~= q°W~= 0, it is convenientto usethe following linear combinations:

~ V(qp)2q2p2 [P_q~~]; qQ=0, ~2= ~

R~°R’~= —g~”’+ [(qP)(q~PL’+q~)P2)— q2P~P”—F2q~q~’]/[(qP)2— q2P2]; (6.4)

qMR~LV Q’~R’~-”= 0.
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HavingexpandedWMV in thesetensors,weobtain

W~ R’~°W~(q2,qP) + Q~QPW~(q2,qP). (6.5)

The dimensionlessinvariant functionsWT andW~aresimply connectedwith the crosssectionfor
transverseor scalarphotonabsorption0T and0s respectively*:

WT = 2~/~~2— q2P2 0T’ = 2~J(qP)2— q2P2 ~ (6.6)

Substituting(6.5), (6.6) into (6.2), we obtain

a (qP)2 — q2P2 1/2 d3p’
do 4~2Iq2I[(pp)2 p2p2] (2p~a

7+ p°°o5)~. (6.8)

Herethe coefficientspab are theelementsof the densitymatrix (6.2b) in the yp-helicity basis:

= p~R~= (2pP— qP)
2 ÷I +

(qP)2 — q2P2 q2

4m2
p°°= p~Q’~Q°= — —i-- — 2. . (6.9)

q

It is furtherconvenientto usethe covariantvariables

qP pP d3p’ dwd(—q2)dp dwd(—q2)
E—; — _____ -a-IT . (6.10)

m~ m~ E’ 2s/E2_m~ ~/E2_m~

In the lab-system(P = 0) the invariantE coincideswith the electronenergy,andw coincides
with thephotonenergy;p is the azimuthalanglefor the scatteredelectron.(Integrationoverp is
performedtrivially in ourcase.)

At F — w ~‘ me,thephotonmassq2 variesin the range:

m~w2 m~
qrnin E(E_W)Ll +O((E)2)] ~ —q~4E(E—w). (6.11)

6.3. q2-dependenceof the quantitiespar) and Ga

A. The WIW tensor(6.3) is, obviously,regularat q2 = 0. At the sametimeandin accordance
with (6.4) theQ~Q°factor in (6.5) increasesas (q2)1 at q2 -a- 0. Therefore,

*Sucha connectionbecomesobvious if one takesproper accountof simple equationsfor thephoton polarizations vectorse(a)
in the 7pc.m.s.(cf. (B.3), (B.4))

e(0)= iQ; e*1L(+1)eV(+1)+ e*li(_1)er’(_l) Rn”. (6.7)

The WT and W
5 functions are connectedwith the commonly usedW1 and W2 functions (3.11)by meansof simple relations

I 2Ipii2

8ir
2csm~Wi= WT; 8ir2csm~W

2= (qF)
2 — q2P2 (WT + Wa).

Let us notethat our normalizationof °adiffers from the one introduced by Hand [195]: Wa = (2qF +q2)aa(H~nd);a = T, S.
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W~cx o~ q2 at q2 —a- 0. (6.12)

At q2 —a- 0 thequantity0T approachesthe crosssection07 for real non-polarizedphotonabsorp-
tion.

For the constructionof EPA this purely kinematicalinformationis insufficient. It is necessary
to havea dynamicalinformationon a characterof the q2 dependenceof 0a~

In our particularcase— inelasticep scattering— experimentshowsthat as —q2 increases03 de-
creasesas (—q2)°with a ~ 1 andthat the characteristicscaleof this changeis of theorder ofm~.
(In particular,at 1q21 < m~onehas[oT —071 /07 ~ Iq2I/m~,.)The quantity0~increasesfirstly
(6. 1 2), but it doesnot exceed0T in orderof magnitudeand,at largevaluesof 1q2 I, it fallsdown
as°Talso.

In numerouscaseswhich areof practicalimportancethe q2 dependenceof 03 ando~is of the
samenature.For example,the Bethe—Heitlerprocessey -a- ee~e(fig. 36) maybe treatedas in-
elasticelectronscatteringoff thephotontarget.Therefore,this processcrosssectionis expressed
in termsof virtual 7*7 ~a-e~ecrosssections(E.3). In this caseo~. 0~FTdecreaseswith the in-
creaseof q2 andfirst ~ ~ increasesfrom zeroandthendecreases.Accordingto (E.3) a
specificscalefor theabovechangesis of the orderof W2.

Therefore,onemaystatethat, for both theseexamples,

I 2
W~= 2\/(qP)2— q2P2 0s ~ ~~qP)o

7, (6.13)

WT = 2,,/(qP)2— q
2P2 o

3(w, q
2) = 2(qP)o

7(w) [1 + O(q
2/A~,)I at Iq21 <

andwhen 1q21 > A~,°T ando~vanishas a powerwhen 1q21 increases.Onealsohas

A
7 m~ for the electroproductionoff proton,

~ W for the Bethe—Heitlerprocess. (6.l3a)

If the conditions(6. 1 3) arenot fulfilled, a specialconsiderationis necessary.Onesuchexample
is analysedin section6.8. Below, everywhereexceptin section6.8 we considerthe casesin which
conditions(6.13) are fulfilled.

B. In our casethe q
2 dependenceof p~andp°°(6.9) is entirelyknown.Both thesequantities

arealmostof the sameorder. In addition

= (2E — w)2/w2+ 1 + 4m~/q2 at Iq2I -~w2 (6.14)

andfor 1q21 > w2 thequantities~ andp°°decreasequickly with increasing1q21. At
<—q2 < w2 thequantity p~4doesnot practicallydependon q2.

Fig. 36. TheBethe—Heitlerprocess,e~j-a -ee~etreatedasinelasticelectronscatteringon photon target,F 2 = 0, q = p—p’, W2 = (q+P)2.
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C. As aresult,the q2-dependenceof the crosssectiondOep (6.8) hasthe following properties.
In a widerangeof not very largeq2,~ < —q~~ w2, A~,its dependenceis logarithmic:

do ~ dq2/q2.Withfurtherincreaseof q2 thecrosssectiondo decreasesquickly. The beginningof
this decreaseis determinedeitherby the dynamicalcut off at Iq2I ‘—‘ A~,(6.13)or by thekine-
maticalone,at Iq21 co2(6.14).

D. The virtual photonscanalsobe producedby otherparticles,e.g. bypion orproton. In
appendixDthe correspondingexpressionsfor pa-~andp°°aregiven.

If onefirst doesnot takeinto accountthe q2-dependenceof form factors,then,as before,for
Iq2I < co2 thequantity~ doesnot practically dependon q2, andfor Iq2 I> w2, ~ decreases
quickly as 1q12 increasesandp00 ~ Theq2-dependenceof the form factorsleadsto an extra
decreaseof ~ For pion e.g.p~andp°°areproportionalto IF~(q2)I2(F,~is the pion form factor).
As 1q2 I increasesthis form factor decreasesandwe denoteby A the specificscaleof this decrease.
Consequently,the quantities~ andp°°decreasequickly for

1q21 > min(w2,A2), (6.15)

at 1q2I ~ min(w2,A2) thequantityp~’~doesnot practically dependon q2.

6.4.EPA. Theco, q2-distributions

The smallq2 domaingives the main contributionto the crosssectionof processesunderconsider-
ation.In this domainour expressionfor the crosssection(6.8) canbe essentiallysimplified. When
switchingto the approximateformulasof EPA two simplificationsareperformed.First the scalar
photoncontributiono~is neglected,second~.,/(q~)2 — q2P2 o

1(w, q
2) is substitutedby its on-shell

value(qP)a
7(co).As a result thephotonfrequencyand“mass”distribution hasthe form

dOep = o7(w) dn(w, q
2), (6.16a)

dn = —~-~ p~~codwd(—q2) = a[(2E_ co)2 + 1 ~]wdcod(—q2) (6.l6b)
2iTE IqI 4irE w—q q IqI

The dn-quantityis an equivalentphotonnumber.
Let usemphasizethat the wholeformulationof EPA shouldalsoincludestatementson the

domain,wheretheseequationsarea goodapproximationto the exactresult (6.8).Thisrequires
aspecialconsiderationin eachcase.

Sincein the caseunderconsideration2p~andp°°areof the sameorder, the approximation
(6.16) is correctin the domain

Iq21 < A~,,. (6,l6c)

Here ~ -~ o~andthe q2 dependencein ,~,/(qF)2— q2P2 03 canbeneglected.Due to (6.13) the

accuracyof suchan approximationis

~ Iq2I/A~,. (6.16d)
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In numerouscasesof physicalinterestthe only rangeof importanceis thatof not very small fre-
quenciesco ~ A7. Herethe termsof theorder of q

2/w2 shouldberejectedas the overshootof
accuracy,andthe expressionsfor thespectrumcan besimplified (cf. (6.11))

dn = a dco d(—q2) [1 — ~+ -~-~- — — ~ ~-~-~- 1. (6.16e)

7TW 1q21 L E 2E2 \ El q2 j

6.5. EPA. The co-distribution

Let usshowthat the distributionin thephotonfrequencycanbe obtainedby a simple integra-
tion of (6. 1 6) over the regionof smallq2 (i.e. over the validity region for (6.16)) andfind out the
limits of this region togetherwith theaccuracyof theapproximations.

After integrating(6. 1 6) over the regionq~
10~ —q

2 ~ q~
5~thecrosssectioncanbe written in

the form

do a7(co)dn(co); (6.l7a)

q~ax
dn(co)= 5 - dn(co, q

2) = N(co) dco/co;
qmin

an co co2\ q~ax / W\2 w2+q~
5~ m~co

2/ q~
010~1

_____ — Il———-—--II. (6.l7b)
ir [\ F 2E

21 q~
10 \ 2E! w

2+q~~~E2q~~
0\ q~5~JJ

For the descriptionof the co-distribution,oneshouldchoosealower limit of theq
2-integration

region which is equalto the kinematiclimit (6.11), i.e. ~ = m~co2/E(E— w).
The upperlimit ~ is usuallylessthanthe kinematiclimit 4E(E — co) (6.11).Thevalue of

q~ax differs from problemto problemandis definedeither by cut off parameters(6.13—6.15)or
by the experimentallimitations.

Let usgo to the descriptionof someimportantparticularcases.
A. Thehigh-frequencypart of the co-distribution (co ~ A

7)in the absenceofexperimental
limitations. For co ~ A7 the dynamicalcut off is the actualoneandoneshouldtake~ = A~,.
Indeed,for 1q

2 I < A~,the main q2-dependenceof dOep (6.8) is logarithmic(dq2/q2).After inte-
grationover — q2 < A~the termstakeninto accountin theapproximation(6.16)are of the order
of fdq2/q2 ln(A~/q~~j

0).
The contributionto the integralof the neglectedterms in this region is of the orderof

5dq
2/A~‘-= 1. Sincefor 1q2 I > A~both0T ando~decreasequickly, the integralcontributionof

this domainto the entire co-distributionis also of the orderof unity. Therefore,EPA (6.17) with
A~.describesthe high-energypart of the co-distributionwith anaccuracy

~ ~ (co~A
7q~~~= A). (6.l8a)

With this accuracythe expressionfor spectrum(6. 1 7b) canbe simplified:

a fl/ co co
2 \ A~.E(E— co) / co\i dco

dn(co)—lIl ——+ —lIn-——-— — jl ——II —----. (6.18b)
ir[\ E 2E21 m~co2 \ Eli co
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B. For the low-frequencypart of the co-distribution(co < A7) insteadof the dynamicalcut-off
(at Iq

2I A~,,)the kinematiccut-off at 1q21 —. co2 (due to denominatorco2 — q2 in the main term
of(6.9)) is the actualone.Operatingjust in the samemanneras abovewe musttake~ = co2
andneglectthe q2-dependencein p~4(exceptfor the term4m~/q2(6.14)).As a result,the low-
frequencypart of the co-dependenceis describedby EPA (6.17)with q~

5~= co
2. Theaccuracyof

this approximationis

TI -~ [ln(co2/q~
10)]

1 l/ln(E2/m~). (6.l9a)

The simplifiedspectrumdn(co)hasthe form

adco / co co2\ E(E—w)
dn—-— Il—---+—Iln . (6.l9b)

IT co \ F 2E21 m~

However, sincethe p+f quantity is entirelyknown, the approximationaccuracycanbe markedly
improvedif onewidensthe integrationup to q~~ax= A~.The estimationof the accuracyof the
resultingapproximationis similar to the oneperformedwhenobtaining(6.18a). (Now, however
the neglectedtermsareof the order(w2/A~)ln(A~,/co2).)As a result,EPA with the spectrum
(6.17b) for q~a~= describesthe low-frequencypart of the co-dependencewith an accuracy

co2 ln(A2/co2) co2 ln(A2/co2)
A~,ln(w2/q~~

0)A~ln(E2/m~)’ (co < A7 ~ = A~). (6. l9c)

Within this accuracylimitation the resultdoesnot change,if the integrationis additionally widened
to the domain 1q

2I > A~.takingq~naxequal,e.g. to thekinematiclimit 4E(E — co) (6.11).Thenone
obtains[188, 51 the knownexpressionfor the spectrum:

an / co W2\ 2E(E-co) co2 2E—co coldco
dn—I21l——+-——-)ln +—ln —l+----I——. (6.l9d)

irL \ E 2E2! me(2E—w) 2E2 co EJw

(Using this expressionout of its rangeof validity hasbeenthe sourceof numerouserrors,cf.
section6.7.)

Let us note,that the spectrum(6.17b) with ~ = A~,maybe usedfor the descriptionof the
whole co-distributionwith an accuracynot worse thanlogarithmic.

C. Let usnow considertheeffectof the experimentallimitations on the spectrum.As anexample
we shallanalysethe co-distributionfor suchexperimentalconditions,whenonly the eventswith
electronsscatteredat smallangle0 < Om-~ 1 areobserved.Here 1q2 I ‘s~E(E — co)0~~.If thisvalue
is largerthanA~,it is obvious,that the previousestimationsarevalid. However,if this experimental
limitation is more restrictivethanthe dynamicalor kinematiccut offs, i.e. E(E — co)0~< co2,A~,,
then(6.17) with q~a~= E(E — co)0~~describesthefrequencydistributionwith a higheraccuracy

2 2 —1
~maxr ~maxi 2 2 2 2

TI A~,[ln ~ qmax= E(E — W)Om < co , A
7. (6.20)

Justin the samemanner,onecanalsodescribethe low-frequencyspectrumedge
w

2< E(E — co)0~<A~,(with the accuracy(6.l9a)).
D. If thevirtual photonsarenot producedby electron,as in the aboveexamples,but, e.g.
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by pion or proton, thenan extracut off at Iq2I = A2 arisesdueto the form factors(cf. (6.15)).
Theonly case,whenthis cut-off is the actualone,i.e. A < co, A

7, requiresherea specialdiscus-
sion. If the form factorsarewell knownup to 1q

2 I A~(or up to thosevalues Iq2 I < A~,at
which theybecomenegligibly small), then the co-distributioncanbe describedby EPA (6.1 7a)
with ~ = A~..In this casethe accuracy~ ~- (A/A

7)
2[ln(A2/q~~~)I~. The respectiveexpression

for the spectrum,producedby protonis given in appendixD. Simplerexpressioncanbe ob-
tainedin the logarithmicapproximation,wherea specific form for the form factorq2-dependence
is inessential.Hereoneshouldput q~ax = A2 (in this caseTI [ln(A2/q~~~)] 1)~

6.6. EPA. Themomentumdistributionofsecondaries

The momentumdistributionof secondariesinvolvesa new importantfeature— it is hereneces-
saryto takeinto accountthe polarizationof thevirtual photon.The photonpolarizationis un-
essential,if the integrationover themomentaof the secondariesis performed(and,therefore,any
specific direction is preferred).For this reasonthe diagonalelementsof the densitymatrix pab

only arepresentin (6.8),andthe crosssectionfor absorptionof non-polarizedlight 01 only ap-
pearsin the result(6.16), (6.17).

For definitenesslet usconsiderthe distributionover the momentumk
1 of oneof thesecond-

aries.Thismomentumdeterminesa specificdirection,andtermswhich describean azimuthal
asymmetryarisein the crosssection.They areproportionalto the non-diagonalelementsof the
photondensitymatrixp~,~

As above,takinginto accountthecontributionsof the transversephotonsonly, andneglect-
ing theq

2-dependence,we cometo the equationof EPA with just the samespectrum,dn(co,q2),
as in (6.16):

~do d(o
1 — oj)1 dIp

dOep = L~’-~+ ~ ~cos2Ip ~, Jd
3kidn(w. q2)~—. (6.2la)

U p5-1 U I~.1 LIT

Here~pis the (azimuthal)anglebetweenthe planesof electronscatteringand k
1 productionin

the yp c.m.s.(i.e. betweenthe planes(p, p’) and(k1, q)), and~ is thephotonpolarization:

I ~I 1 p~k11
cos1p~ ~ . ( . )p p ~s’~ “ii

Finally, o11 ando~aretheabsorptioncrosssectionsfor a transverselypolarizedphotoneither
in the (k1, q) plane(a11) or orthogonalto it (or) (do7 = ~d(o11+ of)). In thehelicity representation
thequantity d(o11 — o~)is dueto the interferenceof the ‘yp amplitudesfor right-handedandleft-
handedpolarizedphotons(d(o11 — a~)cx —2M~Mj.

Whenwriting theapproximateexpression(6.21a)the largestamongthe neglectedtermsof the
typeM~M~are dueto the interferenceof scatteringamplitudesfor scalarandtransversephotons.
By analogywith (6.12),thesetermsdecreaseas ~/~Fas q

2 -a- 0. Generallyspeakingthe scale
of the q2-dependenceof the differentialcrosssectionsdiffers also from A~,.As a result,the EPA
accuracy(6.21a)is

TI~Vr ~I/A
1. (6.21b)



I’M. Budnevetal., The two-photonparticleproduction mechanism 265

This accuracyis markedlyworsethanthat found for the total crosssection(6. 1 6d). After
azimuthalintegration(overcp) the term connectedwith an interferenceof scalarandtransverse
photonsdisappears.Then correctionsto (6.21)proportionalto ~./11~arelost andan accuracyof
thetype (6.16) TI —‘ q2/A~,is restored.

6.7. FeaturesofEPA in the two-photoncase.Somewidelyspreaderrorsand inaccuracies

Many problemson the two-photonproductionaresolvedby meansof EPA.Using this approxi-
mationhaspermittedto obtain(in sections4 and5) a numberof usefuldistributionsin a com-
parativelysimpleform*. The derivationof EPA given in section5 was performedusingthe same
procedureas doneabovein sections6.2—6.6.In this sub-sectionwe shallonly showsomefeatures
specific to the two-photoncasein comparisonwith theone-photonone.

1. The exactrelationship(6.8) expresseddOep in termsof thephotoabsorptioncrosssections

0T and~ It was the startingpoint while constructingEPAin the one-photoncase.For
Iq2I < A~,we neglectedthecontributionfrom scalarphotonsandsubstituted°T by its on-shell
valueO7~rewriting the crosssectionin the form

d3
dOep cx p~o

7—i— cx 07 dn(w, q
2). (6.22a)

This relationis, in fact, the essenceof EPA in theone-photoncase.
In the two-photoncasewe havetransformedthe exact relation(5.12) in the samemannerto

the form (5.16) for Iq~I<

dOeeir

1o~p~(o + ~1~2r11cos2~) d
3p d3p’

2/E’1E’2. (6.22b)

(Let usremindthatA~.is a characteristicscalefor the q
2-dependenceof theyy scattering

crosssectionsand~ standsfor the ith photonpolarization.)
One would think that the equation(6.22b)is directly transformedinto the simpleEPA-rela-

tion (5.19):

dOee = [077 + ~
1~2r77cos2Ip1dn(w1,q~)dn(w2,q~)dIp/2ir (6.23a)

(cp is the anglebetweenthe scatteringplanesof the electrons).
However, the real situationis not sucha simple one.It is essentialthatthe quantityp~(5.13)

in (6.22b) dependsnot only on the momentumof the “own” photonq1, but also on themo-
mentumof the “strange”photonq2. Therefore,equation(6.22b) doesnot directly reduceto
(6.23a).However, sucha reductionturnsout to be possiblewhen Iq~I ~ W

2. Indeed,thequantity
~ — 2m2/q~(5.13)dependsonly on (q

1q2)/(p1p2)andq~q~/W
4.It is easyto showthatat

Iq~I< W2 with an accuracynot worsethanq~/W2thequantity (q
1q2)/(p1q2)= (q1p2)/(p1p2).

Therefore,in this region the q2-dependenceof p~is inessential.
tLet us list someresults obtained by meansof EPA. In section 5 we obtained the next~distributions:for the total four-momentum
of the producedsystem(section 5.4),over the momentaof the secondaries(5.38,5.45, 5.47)and over the noncoplanarity angle
~i in a particle pair production (5.46).A number of estimationsof observablequantitiesfor various experimental set-upsare ob-
tained in section4.3. By meansof EPA also the estimationsfrom belowfor the pp-a -ppe~e[24] and ee -a-eeis~iz[179] pro-
cesseswere obtained.
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As a rule, the condition Iq~I -~ W2 is not an extralimitation, sincethe dynamicalcut off
(Iq~I A~.)appearsearlier,i.e. A

1 5~W. However,evenif the dynamicalcut-off is absent.i.e.
A7> W, the descriptionby meansof (6.23a) turnsout to be usuallyvalid dueto the kinematical
cut-offat Iq~I—‘ W

2 (the quick decreaseof the quantitiesp~at Iq~I> W2). Thus,the region for
EPA validity is determinedby the conditions

Iq~l< W2, Iq~I< A. (6.23b)

It is necessaryto emphasizethat the kinematicalcut-off met in the two-photoncaseis essentially
different from thatmet in the one-photoncase(6.14),wherethe similar cut-off appearsat
Iq~I— co2. Moreover,unlike what occursin the one-photoncase,the restriction Iq~I< W2 is

necessaryin the two-photoncaseto write EPA in the factorizableform (6.23a).

2. Let usdescribethe relation betweenspectrain theone-photonand two-photoncases.The
quantityp~(6.9) in (6.22a)dependson themomentaof the electronp, thephotonq andthe
proton(target)P. For the quantitiesp~~bgoing to the two-photoncase(6.22b)implies only a sub-
stitution in the target(proton -a- photon).In particular,p~(5.13)canbe obtainedthrough(6.9)
by meansof the substitutionp —a -pi,q -a -q

1,P —a- q2. As it was saidabovefor Iq~I < W
2 the q

2-de-
pendenceofp~fis substitutedby its p2-dependence.Therefore,it is natural,that the spectra
(5.18) obtainedherehavethe sameform as the spectrum(6.l6a) obtainedin the one-photon
casewhenit was obtainedunderthe restriction 1q

2 I < co2.

3. In orderto describedistributionsintegratedoverq,~it is sufficient to integrate(6.23)over
the domain(6.23b).The contributionof the region,where Iq~I> W2 or Iq~I> A~,,is negligibly
small becauseof the decreasingvalueof °abfor Iq~I > A~,(the dynamicalcut-off) andof p~for
Iq~I> W2 (the kinematicalcut-off). As a result,the spectra(5.23)are obtained.The leading
approximationfor them canbe written in the form

dn(co
1)= ~- ~-~(l — (O~~~1~E~zmax (6.24)

IT co~\ F 2E
2/ co~m~

Hereq~a~either coincideswith A~or W2 (if A
7> W), or q~5~is determinedby theexperimen-

tal limitations.

4. In a numberof papers,the descriptionof the two-photonproductionis donewith spectra
which arevery different from (5.23).They cannot be obtainedfrom exact formulasfor the two-
photonproduction.As a rule, the genesisof theseerrorsmaybe connectedwith the incorrect
choiceof cut-off. This is simply demonstratedin the leadingapproximation,whereall spectra
havethe sameform as (6.24)but the valuesof q~maxdiffer from exactones.The kinematicaland
dynamicalcuts-off~ and~ which areactuallyusedby variousauthorsarelisted in table6.

a)Thereis a widely spreadmistakewhich consistsin usingfor a two-photoncasethe same
spectrum(6.19d) as the oneobtainedin the one-photoncase,with no dynamicalcut-off taken
into account(cf. [119, 3, 5, 14]). This correspondsto a kinematicalcut-off at Iq~I -~ w~.At
presentenergiesusingthis spectrumdo not leadto largenumericalerrorsin calculationsof the
two-photonhadronproductionsincehereco~-~ W A7. For example,the exactexpressionfor
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Table 6
Theupperlimits of integrationover Iq~I which areusedactually while obtainingthespectra.

References a) [119, 3,5, 14] b) [1701 c) [194] d) [1921 correct

kinematicalcut-offA~jn W
2 — W2

dynamicalcut-off — — 4 — 4

the crosssection
sq2~ 2

dOee_eeh/dW2 cx (ln W2m~— 1) f(~-)_+(ln-~i-)

(4.12) is replacedby (ln(s/m~)—1)2f(s/W2)when calculatingby meansof(6.l9d). At q~ax‘-‘ W2
andln(s/W2) -~ ln(s/m~)the numericaldifferencebetweenthesetwo expressionsis small.How-
ever,such a replacementleadsto the wrong functionals-dependence,e.g..the high energyvalue
of do/dW2or the total crosssectionfor the processesee-a- eee~e,ee-a- ee.(~[—etc.,which one
calculatedby meansof the spectrum(6.19d), are~ timeslargerthanthe correct(1 .2)*. Another
illustration is the graphsof the ee -a- eeir°, ee -a- ee~crosssectionswhich aregiven in [50, 141. In
thesegraphsthe differencebetweenthe exact resultsandthatobtainedby meansof the spectrum
(6. 1 9d)increaseswith theF growth.(Let us remindthat the EPA accuracyis improved whenthe
F increases.)An erroneousdistributionin thelimiting valuefor the angleOm(Oj < 0,~,)of theelec-
tronrecording[11 5, 14] is alsodueto the useof awrong kinematicalcut off. (Thecorrectdis-
tribution is given in section4.3.)

b) The significanceof a correctkinematicalcut-off hasbeenemphasizedin ref. [1701. The rela-
tions given in [1701 aredirectly applicableto leptonpairproductionwith W -~ m

1,when A1 -~ W.
However,usingtheseformulasfor the descriptionof hadronproduction(e.g. ee—a- eeh),where
A1 < W, will leadto anoticeableerror in the asymptoticof the total cross-section.

c) The kinematicalcut off at Iq
2I -~ occursin ref. [194] as a resultof an inaccurateuseof

therequirementof Lorentz-invarianceof the spectrum.The resultingconclusion[194] madeon
the inapplicabilityof EPA for the descriptionof da/dW2and total crosssectionsis alsowrong.

d) The spectrumusedin ref. [1921 correspondsto the integrationof the expressionfor dq2/q2
overthe wholekinematicallyalloweddomain(6.11)(one-photoncase).Let usnotethat in ref.
[192] a wrongresult is observedtoo with usingown versionof the ChengandWu technique.

5. The distribution (6.23)hasan azimuthalasymmetry(the term ~
1~2r77cos2p),which is due

to thevirtual photonpolarization.Thus,in the two-photoncase,the observablecross-sectionis
not expressedin term of the non-polarizedphotonscatteringcrosssection017 only. This property
is alsopresentin the distribution for the total transversemomentumk1 of the producedsystem
(5.32).

Recently,attentionon this fact was drawnby Chengand Wu [18]. Theyinterpretedit as an
indication of EPA inapplicability in the two-photoncase.From our point of view the question
is only concernedwith inapplicability of the EPA formulationwhen properaccountof thevirtual

*Exact results for the e~eand ic’)~-productioncrosssectionsare collectedin appendix F. They coincideasymptotically with the

result of EPA (1.2),
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photonpolarizationis not takenin solving suchproblems.Sucharestrictiveinterpretationof EPA
is not dueto essenceof approximationscheme.Let usemphasize,that thevirtual photonpolari-
zationin the one-photoncasealsoresultsan essentialeffect on the momentumdistributionof
the producedparticlemomenta(6.21).A similarEPA modificationhasalreadybeengiven in refs.
[185, 1951. In particular,as is shownin section5.5, resultsof ChengandWu [18] can indeedbe
obtainedby meansof EPA.

6. In conclusion,let uspay attentionto onemorespecific possibilityof usingtheEPA technique.
For two-photonproductionEPA correspondsto a picture,accordingto whichvirtual photonsal-
mostmovealongthe collision axis.Therefore,e.g.in the caseof an A1A2 pair productioncon-
sideredin the c.m.s.of the colliding particlesPi + P2 0, the momentaof A1 andA2 andthemo-
mentumP1 = —P2 arecoplanar.It mayseemfrom herethatEPA doesnot permit to obtainthe
distributionin agle i1[i which measuresthe deviationfrom coplanarity.However,this opinion(see
e.g. [50, 141) is wrong.

Actually, theuseof spectratakingproperaccountof theq,~dependence(5.18)correspondsto
taking thephotontransversemotion in the rangeq,~< A~.,(q~ ~—q~(l— co1/E)) in EPA. With
dueregardof this dependence,EPA allows to obtainthe distribution do/d~i(5.46) for particle
pair productionas well as for distributionsin the total transversemomentumk1 (5.31) (at
k~< A~)andothersimilar distributions.

6.8. An exampleofEPA inapplicability. Thetwo-photonproductionofmassiveleptonpairs

The possibilityof usingEPA for particularprocesseswaslinked to a specific form for the q
2-de-

pendenceof the virtual photoprocesscrosssection(6.13)(cf. (5.21)).We, however,know a few
cases,wherethis dependenceis of different form and,as a result,EPA is not applicable.These
casesarebremsstrahlungparticleproduction(fig. 27) [1 73b] , i47-pair productionin eecollision
(fig. 37) [1961, and thetwo-photonproductionof a leptonpair with largeeffectivemass* [180].

Let usconsiderthe last case.Using the exacty’y -a- l~l (here1 e, i) cross-sections(E. 1) it is
easyto obtain,that for W2 ~- m~an essential(power)decreaseof 0TT occursonly for Iq~I ~ W2.
For Iq~I< W2, the quantities°TS’ 05T’ assarenegligibly small in comparisonwith 0TT’ but in
0TT’ the q2-dependenceis essentialin the largedomain W2m,2< q~q~< W~(herehowever°TT

decreasesonly logarithmically):

ln(l +a)+a(l +a)~ /q2
0TT = 077 1 — ln(W2/m~)— 1 + °~jjJ2

4ira2/ W2 \
a = (m~— q~)(m~— q~)(m

1W)
2 011 —

2—(ln-—2- —1~ (6.25)
W ‘ m1 /

< ~I
2I/L.4/2\ . .< ( 2

0TS’ 0ST’ ~ -~ ~ q
1 , )O77~ TTT ~q1q2, ~‘

At the sametime, the contributionfrom the domain W
2m~< q~q~< W4 is not small.Therefore,

for ln(W2/m~)�~ln(p
1p2/m1m2)oneshouldusethe morecomplicatedformula (OTT from (6.25))

*The total crosssectionfor lepton production is exactlycalculatedby EPA sincethe main contribution in that casecomesfrom

die domain W m1, where the inequalities (5.21)are correct.
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Fig. 37.

do = ~ O)
1W2 dcoidw2f 2 PPOTT(W q~,q~) (6.26)

insteadof (5.26).
The situationis simplified for massiveleptonpair productionin hadroncollisions for

m1W~.‘ m~.In this casethe integralsareactuallycut off at Iq~I -~ ~m~becauseof form factors,
and IUTT(W

2,q~,q~)— crTT(W, 0, 0)1 ~ (m~/4Wm
1)o71.For that reason,EPA (5.26) turns out

to be correct.In this casethe crosssectiondo/dW
2is expressedthrougha singlenew scalingfunc-

tionJ(s/W2)[34] (seetable 7)

~ = (2a/IT)2J(s/W2) o
17+~+,~-(W

2)/W2. (6.27a)

Whencalculatingthe functionJ in termsof the spectrum(D.7) (taking form factorsinto account),
the inaccuracyof the approximation(6.27a)is

m~ 2 s
TI ~(4Wm,

2) (ln-j,~-) - (6.27b)

The W
2-dependenceof thecontribution(6.27a)is plottedin fig. 8 for s = 2500 GeV2. Othercon-

tributionsto the crosssectionof the observableprocesspp -a- + ... arediscussedat theend
of sub-section2.1.

Table 7

s/k’2 20 25 31 51 70 100 280 625 2500 io~

J(s/W2) 0.2 0.29 0.42 0.88 1.3 2 5.3 1024.6 49

Appendices

A. Somekinematicalrelations

Let usconsiderthecollision of two particleswith momentaq andp. We introducea metric
tensorR~’(q,p) in a subspaceorthogonalto the four-vectorsqandp(cf. (5.3))

R~(q,p) = —g~+ (qp)(qMpI) + qVpI2) — q2pMpP — p2q~q~ (A. I)

(qp) —qp

For anyarbitraryvectorr, onecan definea componentorthogonalto q andp: r’i = _RMV(q,p)r1’.
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The scalarproductof the correspondingorthogonalpartsr1 andf1 of two arbitraryvectorsr and
f canthenbe written in the form:

(rifi)~qp = _rlARI~(q,p)f
t’ = (rif)~qp = (rfi)~qp; r~qp = —R~(q,p)r~. (A.2)

In this reviewwe wrote a numberof relationsfor two-photonproduction,writing themomen-
tum k

1 of anyproducedparticlein termsof its componentsin the c.m.s.of the colliding particles
Pi andP2 (theyarethe energye~,longitudinalmomentumk15 andthe transversemomentumk11).
Suchrelationsareeasyto transformto anyframe,usingthe covariantform of thesequantities
(atp~ p~)

+ P2) k.(p1 — P2)
= / ; k. — ___________ ; k’~1= —R’~(p1,p2)k~. (A.3)

+ P2) JZ ~ — P2)
2

Finally, an angle~ betweenthe electronscatteringplanesin thephotonsc.m.s.is definedby
the relations:

cos~= — ; = —R’~(q
1,q2)p~ (A.4)

‘ip lip21

B. Somecovariant relationsfor thepolarizationvectorsofa virtual photon

Let us considerthe collision of a space-likephotonwith momentumq (q
2 < 0) with anyother

particle(with momentumF). We shalldenotethe polarizationvectorof this photonby e~(a)in
the c.m.s.(a = 0 refersto scalar(5) polarizationanda = ±1 refersto the transverse(T) one). Ob-
viously,

qe(a) 0; e*!2(a)e!~(b)= (.l)a6b;

(B.1)

= g~AP— qI.LqV/q2,

Moreover,with theusualchoiceof transversepolarizationvectorswe have

e*(±l) —e(~l). (B.2)

It is clear, that the transversepolarizationvectorse(~1) in c.m.s.areorthogonalto q = —Pand
haveonly space-likecomponents.This means,that theyform a basisfor a subspaceorthogonal
to the four-vectorsq andP, i.e. (cf. (A. 1))

e*~(+l)e~(+l)+ e*~(_l)e~(—l) R’~(q,F). (B.3)

Similarly, the vectore(0) is orthogonalto q ande(±1). Furthermore,an otherunit vector
Q cx P — q(qP)/q2hassimilar properties.Therefore,thesetwo vectorsshouldbe proportionalto
eachother. In accordancewith the normalizationconditiononemaytake

e(O)iQi V(qp)2q2p2 [P_q~--~} (B.4)

In this manneronecan obtain
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___________ B 5

e*M(±l)ev(±l)= ~ [i~~q, F) ~
1~,/(p)2 — q2p2] ‘

Let usnotethat the aboverelationsfor e(a)arecorrectwhenonetakesthepolarizationvectors

in the c.m.s.in the form

e(±l)= ;—~- (0, 1, ±i, 0); e(0) iQ = ~_~(IqI, 0,0, co). (B.6)
v—q

C. Helicity amplitudesfor forward ‘y’y-scattering

The ‘y-y -a- f helicity amplitudesMab aredefinedby the relation

Mab Me’j’(a)e~(b). (C.l)

Herethe usualchoiceof polarizationvectorse~(a)is assumed(cf. App. B, Q~-vectorsaredefined
in (5.4))

e
2(±1)e1(~l); e7(±l)=—e1(~l); e1(O)iQ1 e2(0)—iQ2. (C.2)

In accordancewith this the helicity amplitudesfor the absorptivepart of the y’y-forward am-
plitude Wl~’i”~MPwhich is connectedwith MMP by the relation(5.3) are definedby the relation:

WaPb?ab= erM’(a’) er’(b’) W’-~”~e’j’(a)e~(b). (C.3)

Due to P- andT-invariance

Wa~b~ab= W_af_bI,_a_b = Waba~bI. (C.4)

It follows from totalhelicity conservationfor forwardscatteringandP- andT-invariance(C.4),
that forwardy’y-scatteringis describedin termsof eight independenthelicity amplitudes.We
choosetheir simple linear combinations(5.8) as invariant amplitudes.

Thepolarizationvectorformsa completeorthonormalsystem(B.l). Therefore,it follows
from (C.3), that

WM’P’,1-’-~’= ~ (_l)a+b+a’+b’e~’(a1)e~’(b’)WalbPabe~’
M(a)e~’~(b). (C.5)

aba’b’

Using (C.4) onecaneasilywrite:tjie expansioncoefficientsW’~”~°(C.5) in termsof the invariant
amplitudes.Theyaresumsof a smallnumberof productsof polarization4-vectors.As a resultwe
obtainthe covariantexpansion(5.7).

For instance,the coefficientdeterminedfor W~
0,+~ WTS is

R~’,Mv= [e~’(+l) e~M(+l)+ e~’(—l)er
M(—l)] e~’(0)er(0). (C.6)

Thismaybe written taking into account(B.3) and(C.2) in covariantform

R~’(’~ = R”-’~’Q~Q~’. (C.7)

Similarly, the coefficientdeterminedfor W~~,
00~ + W~is
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[e~’(+l) e~’(+l)+ e~’(—l)e~’(—l)]e~(O)er(0) + (pv

By meansof the equalities(C.2) weobtain

+ e~’(—l)e’(—1)]e~(0)e~°(0)+ (jw ~ ,u’z-”) = —[R~’~’Q’~Q~+RQ~’Q~’I.

(C.8)

The density-matrixelements(5.2)are definedin thehelicity basisby the relation

pab= (l)a+becs(a)po.!Ie*13(b) (C.9)

D. The photondensity-matrixandspectrafor variousparticles

Keepingin mind the processes,in which photonsmaybe emittedby variousparticles,we shall
give a generalizeddensity-matrixof avirtual photon(5.2) in the case,whenthe initial andfinal
particlesarenot polarized( a structureof this matrix is determinedby gaugeinvarianceconditions):

p~= — (g~— q~sq~)C~(q~)— (2p
1 — q~)°(2p~— q~)~D~(q~). (D.1)

q~ q,

The quantitiesC, andD, aregiven in table 8 for variousparticles.
Going from the representation(D. 1) to the helicity basiscanbe doneby meansof (B. 1—4),

(C.2), (C.9). For example,for the two-photonprocess

= ~ + 2D~~ = —R~(q1,q2)p~ (D.2)

= —C~— 4’(Q)
2

In the full form this density-matrixis (a, a = 1, 0, — I)

—iIp°Ie~~1; _lp~Ie2~1

pI~’a= iIp~0Ie~~1; p’~°; _iIp~0Ie~1 ; (D.3)

—IpIe2’~ ilp~0Ie~~1;

lp~I~p~—C
1 Ip~°I ~

and~ is the azimuthalangleof thevectorp, in thephotonc.m.s.
In the sameapproximationas usedfor (5.18),the equivalentphotonspectrahavethe form

a dco, d(—q~)ri co~\ co~ / co1\ q~01~~
dn~= ~ Iq~I [~\l — -~--)D~+ ~2 Ci — ~l — ~ q~

(D.4)
a dco1 d(—q~) q?i

lTO.)~ Iq~I ~ Dj+~Cj1.

In the dominantregion co1 -~F thecoefficient in front of C, is small,andthis term mayoftenbe
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Table 8
HereG~,GM andF~aretheform factorof protonandpion. For thetransitionof
hadroninto jet (massM), W

1 and W2 aretheusualstructuralfunctionsof deepin-
elasticep-scattering(3.11).For the nucleiwith chargeZe the form factorD(0) = Z

2,
C(0) -~ 1.

particle C D

pointlike spinless 0 1

lepton!e,~.c 1 1

11 0 F~

G2 2 4m~G~—q2G~
~(q ) 4m~—q2

hadron-a-jet _~fWi(M~q2)dM2 ~~fW
2(M2, q

2)clM2

nuclei with chargeZe -~ ~.c2F~(q2) Z2F2(q2)

neglected.Thiscorrespondsto neglectinga magneticmoment(spin). In this casethephotonpola-
rization is ~ = 1.

The spectrumN(co
1) is obtainedafter integrating(D.4) over —q~.In a numberof casesN(co1) is

easilycalculated.So, for leptons(C1 D1 1) N(co~)is calculatedin (5.18).
For pointlike spinlessparticlesC, = 0, D, = I and

dn1N(w~)—~ N(co1)~(l _~)[lfl’~~m~ — I + q~min], (D.5)

zmin q,max

If onecanneglectthe q
2 dependenceof the form factors,then(D.5) is alsocorrect for pions

andkaons.However, for protonsD(0)= 1, C(0) = G~(0)= 7.78,

N(co.)-~[(I —~M2 ~ — ~ co~~ q~mjn’~
1 (D.6)

IT L\ F “ 2E
21 ~ ~ F / \ q~max~

Finally we shall give the equivalentphotonspectrumproducedby protontaking into account
the q2-dependenceof the form factors.In the usualdipoleapproximationfor form factorswe
haveGE = GM/sIP = (1 — q2/q~,Y2q~ 0.71 GeV2,

dn(co
1)=a ~ (~— ~)[Ip(tl~rnax) — Ip( irnin)] ; (D.7)

ITco, F q0 q0

1 (l—b)y, l+x—b ~
= (l+aYj)[_ln(l+x~)+~ k(l+x)kl — 4x(l+x)~~c(l+~y1)[ln l+x + k1 k(l+x)k] ~

4m
2 4m2 sI2l

~‘E(ECO~’ a=~-(l+sI~)+——~~s7.16; b= 1 ~ —3.96; c b4 0.028.
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In conclusion,let usgive the expressionsfor the spectrumof equivalentphotonsproducedby
an atom. For~ ~ m~a

2ZV3screeningby atomicelectronsbecomeshereessential.Then,ac-
cordingto [182]

2Z2adco 183
dn — — ln~-. (D.8)

IT W

F. The ‘y’y -a- e~e(sI4,f)crosssectionsand the Born approximationfor ‘y’y -a- IT~IT

Using the calculations[1971 for ‘y-y -a -e~e(j.z~.r)andtakinginto accountthe projectionopera-
torsdefinedin (5.7) we obtain(m me,,

1)

~ ( r 2m
2 27n2)2 q~+q2

2 q~q~W
2~3( q~q~

x L x ~(q
1q2 x 2x(q1q2)

2 4\x(q
1q2))]

2+—

_~t[l ~ ~ 2’

x x T x Jj
ITa

2~~1~~r
1+~(6m2+q~+~~0TS — — W2x2 1~ L T x

L ~ q~q~)]);

q
1q2 L

0ST = o~
5(qia-a-q~);

ITa
2q~q~~L ~t(2+~!~)l; (E.1)

0S5 W2x3 ~ \ T

ITa2 I2~tr
2 + (q~ — q~)

2+ ~ q
1q21

rTT___4W2x[~_L

L / 2m2 ____

q1q2 [l6m4 — l6m
2(q~+ q~)— 4q~q~ x x x ‘4(~2+ +

ITa2\/q~q~

W2x2 ~L(2m2+q~+q~+~ ~+~t(2_~ 4~~12))

\ z~t2q
a = — ITa2(q

1q2)f2L(~. — 1) — 1q2 — 1 —TTT W
2x ~ \ x qiq

2( ~

lTa
2

r~ ~ (q~q~)3”2(q
1q2Y’L T

Here

W
2x (q

1q2)
2— ~ & tmax — tmin = ,14x(W2 — 4m2),
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T (m2 — tmax)(m2 — tmin) = 4xm2+ ~

L = ln m2 — tmjn = 1 (q
1q2+ ~.&)2 , (E.2)

m
2 — tmax 4xm2+ q

1q2

In the casewhereonephotonis real (e.g.q~= 0) it follows from (E.l) that

°TT (q1q:)
3 (L[2(qiq

2)2+ 2m
2W2— 4m4+q~W2]__~[(qlq

2)2+m2w2+q~w21) ; (E.3)

ITa
2q~

°ST — [W2& — 4m2(q
1q2)L];(q1q2)

4

Ira2
TTT — 2(q

1q2)
4[&(2m2W2 + q~)+ 8m2(q

1q2)(m
2— q~)L};

ITa2 2W2
—

~ _i)};
q

1q2

here

&(W
2—q~) V _~L~_.. = 1W ~f_1) 2q1q2=W

2—q~.1 L 2ln(—+
\2m V

4m2
Finally, if bothphotonsarerealq~= q~= 0, only threenon-zeroquantitiesremain,namely

4ITa
2 [( 4m2 8m4~ / 1 4m2\ 1

0TT 1+—W2 W2 _—~—)L— (—+—-——)z~tl=077~ (E.4)‘W2 W~i J

l6ira2m2 4ITa2
= — (& + 2m2L)mr

77 = — (W
2L — 3&);

W6

~ ~I1 4m
2 1W W2

\2m V
4m2— L21n(—+ ~_l).

We now give theexpressionsfor the amplitudesin (5.38—48)written in termsof W
2 and

r2 = (tu — m4)/W2in two importantcases(seefor example[166] ),*

Theleptonpair production (m me,,1)

do
~.(IM~~I2 + IM.

1._I
2) = l6irW4 __22 (4ira)2 2m2(W2 — 2m2)+ 2r2(W2 — 2r2)

dt (m2 + r2)2

*The quantity r2 is the squared transversemomentum of the pion in thephotons c.m.s.Its approximative expression in termsof

measurablevalueshastheform:

(ei — k
15)/(e — k5) at t =

— m
4 2 2k

1k11 [(~1 ÷k15)/(e + k5) at r
2

~
0I

t = t
2 1
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8m2r2 8r4

Re(M~’a-Ma-a-)—(4ITa)2 (m2 + r2)2 M~’~M~_= —(4ira)2 (m2 + r2)2 (E.5)

M M 4-~,/~r(t— u)(m2 — r2)
Re’M~ °~ + M’~’ 0- = (4ITa)2

~ ~ i\/~f/ W2(m2+r2)2

The correspondingexpressionfor pion pair productionin Born approximation(pointlike pions)
canbe useful

8ITam2 8irar2 M M 4~/2rrar(t—u)
M++=M~~=~+r

2 MM~m2+r2 ~ i~ W
2(m2+r2) (E.6)

The total y’y -a- IT~IT crosssectionon the massshell(in Born approximation)equals:

2ira2 ru 4m2 / 4m2\ 4m2 4m2 W i/W2
077_~1r+1r~= 2 [I/l — — ~1+ —) — (2 — -__—) ln(-__ + — 1 )]. (E.7)

F. Thetotal crosssectionfor theleptonpair electromagneticproductionin thecollision of
chargedparticles

The crosssectionfor e~epair productionin the collision of fastchargedparticles(with a power
accuracy)hasthe form

-~ Z~Z
2ee= 28(z1z~a

2)2(l~— Al2 + Bl ÷C) + O(l/p
1p2); 1 = ln -~. (F. 1)

The coefficientA is the samefor all the processesconsideredbelow

A = 178/28 6.36. (F.2)

The coefficientsB andC dependessentiallyon the natureof the collided particles.
Racah[121 hascalculatedthecrosssectionfor e’e pair productionin the collision of two

heavyparticleswith chargesZ1eandZ2e:

B=~(7IT2+370)~ 15.7;

C_~[348+~IT2_2l~’(3)J —13.8; ~(3)~ 1.202. (F.3)

(ThecoefficientsA andB havebeencalculatedrecentlyin [193, 198] . They turn out to coincide
with (F.2—3).)

The crosssectionsfor the processesep—a -epea-eandee—a -eee~earecalculatedin refs. [193, 1791
neglectingthe contributionsdueto an interferencebetweenproducedandscatteredelectrons*.

B 2.6; C~40 for ep-a- epe”e

B~—11; C~100 for ee—a -eeea-e. (F.4)

*Accordingto [199] thesecontributionschangeB andC weakly.
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The crosssectionfor thesIa-sI pair productionin eeor e~ecollisionshasbeencalculatedby
BaierandFadin [4, 193],KuraevandLipatov [179] (seealso [2051):

28a4
Oe±e~_+e±e_,1+I1_= (l~— Al2 + Bl + C), (F.5)

27ITm~

A 6.36; B = —~[42l~+ l96.4l~+ ~+ 2lIT2 + 152] —258,

C= ~-[14l~ + l84.8l~+ (1109+ — 7IT2)lM + (36 + j~.)IT2+ ~ — l89~(3)— 127481 1850;

m2
lln—~ 10.7.

m~

Let usnote,for ~/~< 1 GeV the crosssection(F.5) would be negative.Thismeansthat it is
necessaryalsoto takeinto accountherethe termsof orderofs~.Therefore,at energiesnow
achievablethe estimationfrom belowturnsout to be moreuseful(seethe endof sub-section5.3).
The significanceof termsof theorderof s’ is discussedin detail in ref. [2051

Notesaddedin proof
1. (To sub-section3.3). RecentlyA. Bodeket al. (SLAC-PUB-l442(1974), submittedto Phys.

Rev. Lett.) reportedon “Observeddeviationsfrom scalingof theprotonelectromagneticstructure
functions”.This meansthat a short distanceinteractionis markedlycomplicatedthanit seemsin
the simplestvariantsof the partonmodelandwith usualassumptionson the light conecurrent
commutators.Thisconclusionis confirmedalsoby preliminary dataon theannihilation ea-e-a- h
[2031.

2. (To sub-section3.1). A possiblerole of bothradiativecorrectionsandtwo-photonproduc-
tion of hadronsin the SPEAR-typeexperimentsis discussedin thepaperof Ginzburg,Meledin
andSerbo(Phys.Lett. in print). The correspondingcorrectionsto theobservedcrosssectionare
not too largebut takingaccountof them canhelpin resolvingthe “energycrisis” which is now
discussedby a numberof authors(seee.g.Ellis’s talk given at the Londonconference(1974)).

3. (To sub-section3.1). G. Barbiellini et al. (Frascatipreprint LNF-74/l0(P) (1974))reported
on observationof singleeventfor thee~e—a- ea-eX°(TI’)process.The valueof F.m, = I l~ keV
or alternativelyan upperlimit ~ ~ 33 keV with 95% confidencelevel is obtained.

4. (To sub-section6.7). RecentlyGrammerandKinoshita(preprintCLNS-201 (1974))have
comparedthe resultsof the exactcalculationandthoseobtainedby the two approximatemethods
called by them DEPA andWW. The first method(DEPA) correspondsto usinga spectrum(6.19d),
the secondone(WW) is a simplifiedvariantof DEPA; it is just WW usedin refs. [119, 3, 5, 14].

It hasappearedthat for the reactionee -a- eesIa-M in transitionfrom WW to DEPA an accuracy
of approximationimprovesmarkedly(the error~ 10—15%).A descriptionby DEPA turnsout
to be unsatisfactoryonly atvery high energies(~Js>100 GeV). The causesof suchdiscrepancy
from the exactresultsarethe sameas for WW (cf. sub-section6.7).

A similar comparisonwas alsocarriedout for the reactionsee-a -eeX,whereX IT°,TI~?IT —

with neglectingthestronginteractionsof hadrons.It was concludedalso thatDEPA is herealso
a goodapproximationfor now obtainableenergies.

This last statementseemsto usquite baseless,evenif, first of all, accuratecalculationis impos-
sibleherebecausetheoff massshellbehaviourof hadronicamplitudes(dependingon photon
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masses)is unknown.With the information availableon theseamplitudesthe crosssectionof the
given processescanbe foundonly with logarithmicaccuracywhich is not high at presentenergies.
Thisveryaccuracyis givenby an equivalentphotonapproximation(EPA) discussedin section6.
At the sametime the EPA providesa high (power)accuracy(cf. (4.11),(6.20)) for determining
the crosssectionswith the corresponding(experimental)limitations on theelectronscattering
angles.Suchan accuracycannotbe obtainedby meansof WW or DEPA.
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